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Preface 



this book is the outgrowth of a continuously updated set of notes for a graduate 
course in Electrical Engineering. The course was first offered at Stanford Un.ver- 
sity in 1973 and, since then, has been offered each year. 

The author has a joint appointment on the faculties of the Departments of 
Electrical Engineering and Diagnostic Radiology. In the Electrical Eng.neer.ng 
Department the author is a member of the Information Systems Laboratory. 

In this book we attempt to describe all the existing medical imaging systems 
in terms familiar to the electrical engineer. These include the impulse response, 
the transfer function, and the signal-to-noise ratio. In this way relatively complex 
systems are reduced to understandable terms, and the various design tradeoffs 

become clearer. . n „ a 

Many of the systems used have various degrees of nonl.neanty or space- 
variant impulse responses. As such they are not capable of being structured 
in the elegant convolutional forms or of making use of transfer funct.ons in the 
frequency domain. In each case, however, reasonable approx.mat.ons are made 
to allow restructuring into linear invariant systems. The small loss of accuracy 
is more than made up by the insightful results, which are essential for the under- 
standing and design considerations of the system. 

This book is written for scientists, engineers, and graduate students inter- 

xiii 
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ested in medical imaging. Some background in linear systems and Fourier 
transforms is desirable. Diffraction theory is utilized in Chapters 9 and 10 on 
ultrasonic imaging. However, the diffraction formulations are derived from basic 
principles so that no previous knowledge is assumed. The underlying physics of 
the imaging systems is not the main thrust of this book ; however, sufficient phys- 
ics is presented in each imaging modality so that the system model can be 
developed logically. 

The mathematics used in this book is primarily the integral calculus, which 
dominates linear system theory. In general, impulse responses are developed for 
each imaging modality and then used in superposition integrals. Since the 
material is on imaging, multiple integrals are usually involved. Statistical con- 
siderations are utilized in evaluating signal-to-noise ratios of each modality. 
Here the considerations are relatively straightforward since higher-order statistics 
are not used. The* signal-to-noise ratio is simply based on the noise variance of 
each picture element. 

This book differs from many previous works on the physics of radiology and 
ultrasound in that an analytic equation is provided of the resultant image in 
terms of the physical parameters. Rather than verbally describing the effects 
of different parameters, a formal mathematical structure is provided, which 
should prove useful for the reader interested in further, more detailed analysis. 

The author wishes to acknowledge the support and friendship of many of 
his colleagues and graduate students, particularly Professor William Brody and 
Drs. Robert Alvarez, Bruno Strul, Steve Norton, Leonard Lehmann, Dwight 
Nishimura and Pen-Shu Yeh. 

The author also expresses his gratitude for the tireless support and encour- 
agement of Ms. Pat Krokel, who prepared the manuscript. 

A.M. 
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. Introduction 



This text is concerned primarily with the creation of images of structures within 
a three-dimensional object. Although the object studied will be the human body, 
the knowledge developed will be applicable to a variety of nonmedical applica- 
tions such as nondestructive testing. 

The human body consists of tissues and organs which are primarily water, 
bone, and gases, with water being the dominant constituent. A wide variety of 
trace elements are present, such as iodine in the thyroid, tellurium in the liver, 
and iron in the blood. These elements play a minor role in medical imaging. 
This is beginning to change, especially with the advent of computerized tomog- 
raphy. Water, bone, and air, however, dominate the ability, or lack of it, to 
probe the body with various types of radiation so as to create images. 



HISTORY 



No effort will be made to provide a complete chronology of medical imaging. 
However, in an oversimplified fashion, we attempt to highlight the role of the 
physical scientist and engineer in some historical context. 
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The earliest use of techniques of this type goes back to the discovery of 
x-rays by William K. R0entgen in 1895. Many of the major systems' contribu- 
tions to radiography, such as intensifying screens, tomography (imaging of a 
specific plane), and the rotating anode tube, came within the next 10 to 20 years. 
Thus most of the efforts in radiography, since the 1930's, have been toward 
improving components rather than systems. 

It is interesting to note that during the latter period, profound improvements 
in internal visualization of disease processes were achieved by the creativity of 
clinicians rather than physical scientists and engineers. A variety of procedures 
were developed for selectively opacifying the regions of interest. These included 
intravenous, catheter, and orally administered dyes. Thus the radiologist, faced 
with the limited performance of the instrumentation, devised a variety of 
procedures, often invasive to the body, to facilitate visualization of otherwise 
invisible organs. , 

Beginning in the 1950's, and reaching a peak in the mid-1970's, we entered 
a revolutionary era in diagnostic instrumentation systems. New systems were 
conceived of and developed for noninvasively visualizing the anatomy and 
disease processes. Here the physical scientist and engineer have played the 
dominant roles, with clinicians being hard-pressed to keep up with the immense 
amount of new and exciting data. 

This revolution began with nuclear medicine and ultrasound, which despite 
serious imaging limitations, provided noninvasive visualization of disease 
processes which were otherwise unavailable. The new era reached its peak with 
the introduction of computerized tomography in the early 1970's. Here superb 
cross-sectional images were obtained that rivaled the information obtained with 
exploratory surgery. These instruments rapidly proliferated and became the 
standard technique for a wide variety of procedures. 

This revolutionary process is continuing, not only with profound improve- 
ments in these systems, but also with initial studies of newer speculative imaging 
modalities. These include the use of microwaves and nuclear magnetic resonance. 



MEDICAL IMAGING MODALITIES 

Present medical imaging systems in clinical use consist of three basic techniques: 

1. The measurement of the transmission of x-rays through the body 

2. The measurement of the reflection of ultrasonic waves transmitted 
through the body 

3. The measurement of gamma rays emitted by radioactive pharmaceuticals 
which have been selectively deposited in the body 



We consider each of these briefly. 



TRANSMISSION OF ELECTROMAGNETIC ENERGY 



It is instructive to examine the entire electromagnetic spectrum, from dc to 
cosmic rays, to find a region to do suitable ima ging of the jntgQQLIgag!l s - The 
relative suitability can be evaluated based on two parameter 
attenuation. To obtain a useful image, the radiation must have a wavelength 
under 1.0 cm in the body for resolution considerations. In addition, the radiation 
should be reasonably attenuated when passing through the body.)lf it is too 
highly attenuated, transmission measurements become all but impossible because 
of noise. If it is almost completely transmitted without attenuation, the measure- 
ment cannot be made with sufficient accuracy to be meaningful. The attenuation 
can be due to absorption or multiple scatter. 

Figure 1.1 is an attempt to illustrate the relatively small region of the 
electromagnetic spectrum which is suitable for imaging of the body. In the 
long-wavelength region at the left, we see immediately that we have excessive 
attenuation at all but the very long wavelengths where the resolution would 




2 X 10" 22 3.7 X 10 -44 FREQUENCY AND PHOTON ENERGY 

FIG. 1.1 Transmission of EM waves through 25 cm of soft tissue. 
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render the system unusable. Here the transmission through soft tissue can be 
approximated as exp (-20// A), where / is the path length. 

In the intermediate regions of the spectrum corresponding to the infrared, 
optical, and ultraviolet regions, we again have excessive attenuation due to both 
absorption and scatter at the myriads of tissue interfaces. This excessive attenua- 
tion continues, as shown, into the soft x-ray regions. 

Between 0.5 and 10" 2 A, corresponding to photon energies of about 25 kev 
to 10 Mev, tf7e attenuationTs at reasonable levels with a wavelength far shorter 
than the resolution of interest. This is highly desirable since it ensures that 
diffraction will not in any way distort the imaging system and the rays will 
travel in straight lines. This is clearly the suitable region for imaging and repre- 
sents the widely used diagnostic x-ray spectrum. 

At shorter wavelengths, with the energy per photon hv getting increasingly 
higher, the attenuation becomes smaller until the body becomes relatively 
transparent and it ceases to be a useful measurement. Also, at these shorter 
wavelengths, the total energy consists of relatively few quanta, resulting in poor 
counting statistics and a noisy image. 

Before concluding our look at the electromagnetic spectrum we should 
point out that the wavelengths in the microwave region represent wavelengths in 
space. The dielectric constant of water in the microwave region is about 80, 
resulting in a refractive index of about 9. Thus if the body and a microwave 
source-detector system are immersed in water, the wavelengths are reduced by 
about an order of magnitude. In this case the attenuation of a 1.0-cm wave in 
water is no longer prohibitive and a marginal imaging system can be considered. 
Experiments in this regard have been made [Larsen and Jacobi, 1978]. 



IMAGING WITH ACOUSTIC ENERGY o / 

Having defined the x-ray region as part of the electromagnetic 

spectrum" for studying the toj^^now investigate the potential of acoustic 
radiation^ sound in water, and in most body 

tissues, is about 1.5 x 10 3 m/sec. Thus, as with electromagnetic radiation, our 
resolution criteria elimmaTe' wavelengths longer than about 1 .0 cm. We therefore 
concentrate on the frequency spectrum well above 0.15 MHz. 

The attenuation coefficient in body tissues varies approximately propor- 
tional to the acoustic frequency at about 1 .5 db/cm/MHz. Thus excessive 
attenuation rapidly becomes a problem at high frequencies. For the thicker 
parts of the body, as in abdominal imaging, frequencies above 5 MHz are almost 
never used and values of 1.0 to 3.0 MHz are common. For the imaging of 
shorter path lengths, as occurs in studies of the eye or other superficial structures, 
frequencies as high as 20 MHz can be used. 

In ultrasound, unlike with x-rays, reflection images are produced, using 



Comparison o/X-Rays and Ultrasound 



the known velocity cfjm^-ii^^.^^^S^^ 7 
fVeauency band where soft tissue imaging is suitable, air exhib ts excessive . 
I SL This is not a problem in x-rays, where air attenuation is negligible 
iSSali regions of the anatomy, primarily the lungs, cannot be studied by 
ulSsouS Fortunatelyi the entire thoracic or chest region ,s not covered by 
hSS^hte is an opening in the front part of the left lung called the cardiac 
notch. Thh wrnoow allow? ultrasonic studies of the heart, which are becoming 
increasingly important. 



COMPARISON OF X-RAYS AND ULTRASOUND 

It is instructive to compare the two modalities which are capable of P™*™^ 
body x-7ay and ultrasound. One important distinction, which has received 
considerable debate, is that of toxicity. Although 

heen considerably reduced over the years, there are considerable data indicating 
a sirdamTging effect which can increase the probability of diseases such as 
ance leukemia 8 and eye cataracts. The existence of a damage threshoU con 
tinues to be a source of controversy. The preponderance of data a this juncture 
appears to indicate an absence of any toxic effects at the presenUy "s«L<^ 
nostic evel o ^ultraso^t¥eseTevel s are well below those which produce 
nS^temp^3u"re7hanges or cavitation. This apparent toxic ty advantage 

reeions such as the pregnant abdomen and the eyes. 

~ SJ? SeVand "atove toxicity, ultrasound and x-rays have a number of other 
profound differences in their imaging characteristics. Ultrasonic waves, ,n water 
travel at about 1.5 X 10> m/sec, while x-rays have the free-space velocity of 
elect ol^ett waves of 3 x 10' m/sec. This difference essenUally means that 
SSJSTor time-of-flight techniques are relatively straightforward m ultra- 
Lund and extremely difficult in x-ray systems. The 

water is 6.7 usee using ultrasound and 33 psec using x-rays. Thus state-of the 
Tt e ectronic techniques can quite readily resolve different depths using ultra- 
sound but cannot begin to accomplish range gating using puh£ I x- ^ 

In addition, the velocity of propagation in the ™. ^."^J 
independent of the materials used. Thus the refractive index of all structures s 
unitv The o nly mechanisms of interaction are absorption and scattering. This 
ack'oi rtfracL Properties has both desirable and J"-^^^ 
It is desirable in that the transmitted rad.at.on t™*™^^" 1 ™^™^ 
the body and is undistorted by different tissue types and shapes, ^e undes.rable 
aspect is that lenses cannot be constructed, so that selective imaging of specific 
p ane s difficult. Ultrasound, on the other hand has a wide variation in 
tractive indices of materials. Thus lens effects and focusing structures can be 
eadTobtained. These same refractive effects cause some distortion within the 



6 Introduction 



body. Fortunately, most tissues have comparable propagation velocities, with 
bone and regions containing air being the primary exceptions. 

Diffraction effects occur where the object of interest has structure compara- 
ble to the wavelength. In x-rays, having wavelengths less than 1 A, these are 
^'^nonexistent. However, in ultrasound the wavelength of approximately 0.5 mm 
can cause diffraction effects in tissue. To achieve their desired resolution proper- 
ties ultrasonic imaging systems are required to operate close to the diffraction 
limit, whereas x-ray systems do not begin to approach this limitation. 

These vari ous prorjerties„of clinical procedures 

they are most AuitaMejfpr. For example, pulse-echo ultrasound is useful in 
"visuaiizing the internal structure of the abdomen because of the distinct reflec- 
tions which are received at the interfaces between organs and from various 
lesions within the organs. Radiological studies of the abdomen, using x-rays, 
show little of the internal organs because of their comparable transmission and 
close packing. Special procedures are often used to apply radiopaque dyes 
selectively to visualize specific organs. The thorax or chest, on the other hand, is 
essentially unavailable to ultrasound because of the air in the lungs. Radiog- 
raphy, however, achieves significant visualization in the chest because of the 
considerable differences in attenuation of air, soft tissue, and bone. Many other 
examples exist where the relative capabilities of the two modalities complement 
each other. 



NUCLEAR MEDICINE 

In nuclear medicine radioactive materials are administered into the body and 
are selectively taken up in a manner designed to indicate disease. X^ e „jg^ m .. ma 
rays emitted from th^ be high enough in energy, to. escape the 

body_ wjthc^je^ Thus higher energy gamma-ray emitters are 

usually desirable, the oniy exception being that they are more difficult to image 
and to detect efficiently. The energy range 25 kev to 1.0 Mev used in nuclear 
medicine is comparable to that of radiography, although somewhat higher on 
the average. 

Nuclear medicine has a number of interesting features which make it very 
useful in diagnosis. Very small concentrations of materials are required for 
visualization, unlike the significant amounts of radiopaque dyes required in 
transmission radiography. Noninvasive intravenous administration of materials 
is used as compared to invasive catheterization, which is often used in radiog- 
raphy. In general, n uclear ,mcdidnje,image^Jppk poor in that they have lateral 
resolutions of about 1 cm and are noisy because of the 1 i mited- number of pho- 
tons- However, the images have the desirable characteristic of directly indicating 
Pathology or^di^se jro^^eSi.. In many studies they are taken up only in 



Nuclear Medicine 



diseased regions. Radiography, on the other hand, exhibits high resolution and 
relative freedom from quantum noise. However, radiographic images essentially 
display anatomy, so that disease processes are often distinguished by distortions 
of the normal anatomical features. 
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Linear Systems 



DEFINITION OF LINEARITY 

Many of the phenomena found in medical imaging systems exhibit linear 
behavior patterns. For example, in a nuclear medicine imaging system, where 
the intensity of the emitting sources double, the resultant image intensity will 
double. Also, if we record an image intensity due to a first source and then 
another due to a second source, the image intensity due to both sources acting 
simultaneously is the sum of the individual image intensities. These two prop- 
erties, scaling and superposition, define a linear system. This can be expressed 
formally as 

SK(x, y) + bl 2 (x, y)} = y)} + b§>{I 2 (x, y)} (2.1) 

where S is the system operator, a and b are constants, and f t and / 2 are the two 
input functions. The functions are shown as two-dimensional since we are dealing 
with images. 

The system operator § in imaging systems is typically a blurring function 
that smears or softens the original image. As will be discussed subsequently, § 
can be a convolution operation with the point-spread function of the system. 
Thus equation (2.1) is stating that the weighted sum of two blurred images is 
equal to the weighted sum of the two images which are then blurred by the 
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system function. This powerful concept allows us to decompose the image, 
operate on the individual parts with the system function, and then sum to 
obtain the desired output image. 

It must be emphasized that § in equation (2. 1) is a linear system operator 
and does not apply, in general, to nonlinear systems. For example, consider a 
nonlinear system, such as photographic film, which exhibits a saturation value 
beyond which a further increase in input intensity results in no change in the 
recorded density. Equation (2.1) does not apply since we can have two input 
intensities, /, and 7 2 , each of which do not reach the saturation value, whereas 
their weighted sum exceeds this value. However, since the linearity property of 
(2 1) provides a variety of powerful techniques, we often approximate nonlinear 
systems into a linear form to aid in our understanding, despite the errors in the 
approximation. Linearization techniques of this type are often employed in 
electronics, where piece,wise linear models are used to represent nonlinear-device 
characteristics. 



THE SUPERPOSITION INTEGRAL. 

DELTA FUNCTION. AND IMPULSE RESPONSE 

The linearity property expressed in equation (2.1) enables us to express the 
response of any linear system to an input function in an elegant and convenient 
manner which provides significant physical insight. We first decompose our 
input function into elementary functions. We then find the response to each ele- 
mentary function and sum them to find the output function. 

The most convenient elementary function for our decomposition is the delta 
function «$(*, y). The two-dimensional delta function has infinitesimal width in 
all dimensions and an integrated volume of unity as given by 

^d\x,y)dxdy=l. ( 2 - 2 ) 

The delta function can be expressed as the limit of a two-dimensional function 
whose volume is unity. One example is the Gaussian, as given by 

lim a* exp [-7ia 2 (* 2 + y 1 )] - 6(x, y). (2.3) 

flt-«0O 

We decompose our input function gl (x t ,y t ) into an array of these two- 
dimensional delta functions by using the sifting properly of the delta function, 
as given by 

*,<*„ y.) = j) *.«. *)**» -*•>»- {2A) 

Here the delta function at *, = y, = n has sifted out the particular value 
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of g, at that point. The output function g 2 (x 2 , y 2 ) is given by the system operator 

g 2 (x 2 , y 2 ) = Ste,(*i, y>)Y ( 2 - 5 ) 
Using the delta function decomposition, we obtain the output function as 

g 2 (x 2 , y 2 ) = § (J J g,(S, M*i -t.yt- iWi] • < 26 > 

— oo 

Using the linearity property of (2.1) we structure g,(£, >/) as a weighting factor 
on each delta function so that the output becomes 

oo 

gl (x 2 , yi ) = \j gtf, ms(x> -t,yx- DVidn. (2.7) 

Within the integral we have the system response to a two-dimertsional delta 
function. This is known as the impulse response or point-spread function and is 
given by 

h{x 2 ,.y 2 ; «, jj) = S{<5(*i - f . Vi ~ i)) ( 2 - 8 > 
which is the output function at x 2 , y 2 due to an impulse or two-dimensional 
delta function at x, = {, y t = >/• Substituting (2.8) into equation (2.7), 



oo 



(2.9) 



we obtain the superposition integral, which is the fundamental concept that we 
derive from the linearity property (2.1). This enables xis to characterize an output 
function completely in terms of its response to impulses. Once we know 
h(x 2t y 2 ; f, tj) for all input coordinates, we can find the output due to any input 

function g u m 

As a simple example, consider the elementary imaging system of Fig. 2.1. 
Here a planar array of sources /,(x lf y t ) are separated from a surface where the 
output intensity I 2 (x 2i y 2 ) is recorded. As can be seen, the output is blurred due 
to the spreading of the radiation over the distance between planes. An impulse 
source at x x = {, y x = tj, thus results in a diffuse blur having an impulse 



.Mx 2 , Y2'. I «?) 




FIG. 2.1 Elementary imaging system. 
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response h(x 2 ,y 2 ', £, n). Knowing this response for all input points enables us 
to calculate the output I 2 (x 2 , y 2 ) for any input-source distribution I l (x u y l ) by 
using (2.9). 

SPACE INVARIANCE 

In many linear systems we have the added simplification that the impulse 
response is the same for all input points. In that case the impulse response 
merely shifts its position for different input points, but does not change its 
functional behavior. Such systems are said to be space invariant. The impulse 
response or point-spread function thus becomes dependent solely on the 
difference between the output coordinates and the position of the impulse as 

given by * 

h(x 2i y 2 \^ n) = h(x 2 - £, y 2 - til V-™) 

Thus, referring to Fig. 2.1, the system is space invariant if the image of the 
point source has the same functional form, but only translates, as the point 
source is moved "around the plane. 

The output function under these conditions becomes 

gi(x 2t y 2 ) = j j gl (Z, tl)Kx 2 -£,y 2 - nWd n . (2. 1 1) 

— oo 

This is the two-dimensional convolution function, which is often abbreviated as 

g 2 = gl **h (2.12) 

where the dual asterisks indicate a two-dimensional convolution. This convolu- 
tional relationship clearly indicates the "blurring" of the g t input function by 
the impulse response h. It is a very convenient form since its Fourier transform 
is a simple product relationship whereby the transform of the output function 
is the transform of the input function multiplied by the transfer function H y 
the transform of the impulse response. This provides an elegant relationship 
between the two-dimensional spatial frequencies of the input and output. 

In many medical imaging systems the impulse response h varies gradually for 
different input coordinates. In these it becomes convenient to define regions in 
which this variation is negligible. These space-invariant or isoplanatic regions 
can be analyzed using the convenient convolutional form and thus have the 
benefits of having a transfer function in the Fourier transform domain. 



MAGNIFICATION 

A magnified image, in the general sense, is space variant since the impulse 
response is not dependent solely on the difference between input and output 
coordinates. This is seen in the pinhole imaging system shown in Fig. 2.2. With 
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a b - 

FIG. 2.2 Pinhole imaging system with magnification. 

the pinhole on axis, the impulse response by geometry becomes 

*(* 2 , yi ; t tl) - K*i ~ y 2 - Mtj) (2. 1 3) 

where M — —b/a. Thus the output intensity is given by 

/ 2 (*2, yi) = I j Atf . *W*2 - Aff , y 2 - MfiWdtt. (2. 14) 

This equation can be restructured into the desirable convolutional form [Good- 
man, 1968] using the substitutions 

?**M{ and q' = A/if (2.15) 

giving 

Using the substitution of (2.15), we have been able to use the convolutional 
form. Physically, we have convolved the appropriately magnified input image 
with the impulse response so as to avoid the disparity between the coordinate 
systems. /,(x 2 /A/, y 2 jM) is the output image we would get using an infinitesimal 
pinhole camera which experiences magnification but no blurring. The \/M 2 
factor is the loss of intensity due to the magnification of the image. 

The impulse response h(x 2 ,y 2 ) is a magnified version of the aperture 
function where the magnification factor is (a + b)/a. In addition, the impulse 
response includes a collection efficiency term relating to what fraction of the 
intensity of each point in /, is collected by the aperture or pinhole. In equation 
(2.13) we effectively assume that the collection efficiency is a constant, inde- 
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pendent of the x, , y t coordinates, so that the aperture collects the same fraction, 
independent of the position of the point. If this assumption is not made, and the 
collection efficiency is a function of x, and y„ the system becomes space vanant 
and cannot be structured in convolutional form. 



TWO-DIMENSIONAL FOURIER TRANSFORMS 

Electrical and communication engineers are very familiar with Fourier analysis 
of various signals where a function of time is decomposed into an array of 
complex exponentials of the form e<°». One of the incentives for this decomposi- 
tion is that the complex exponential is the eigenfunction of invariant linear 
systems. That is, when a complex exponential signal is applied to an invariant 
linear system, such as a network or filter, the same complex exponential will 
appear in the output with various amplitude and phase weightings. Thus, with 
the Fourier transform decomposition, the effect of filtering a signal is greatly 
facilitated by operating in the frequency domain. 

In imaging systems we use the two-dimensional Fourier transform G(w, v) 
as defined by [Bracewell, 1965] 

G(u, v) = 5{g(x, y)} = j] *(x, y) exp [-i2*(«x + vy)]dxdy (2. 1 7) 

where is the Fourier transform operator, and u and v are the spatial frequencies 
in the x and y dimensions. Thus the two-dimensional function is being decom- 
posed into a continuous array of grating-like functions having different period- 
icities and angles. Each u, v point in the Fourier space corresponds to an 
elementary "plane wave" type of function in object space. This complex expo- 
nential function has lines of constant phase separated by (w 2 + i>T ,/J and at 
an angle of tan" 1 (ujv) with the x axis. 

This decomposition into spatial frequencies u and v, having dimensions ot 
cycles per unit distance, provides a direct measure of the spatial spectrum and 
bandwidth. The original function can be subject to spatial frequency filtering 
through various degradations in the system. We then use the inverse Fourier 
transform to find the resultant object function as defined by 

g ( X) j,) = ff- > [G] = J j" G(u, v) exp [i2n(ux + vy)]dudv. (2. 1 8) 

— oo 

Existence Conditions 

Before using the Fourier transform we must look at the required mathe- 
matical conditions on the function g(x, y) for its Fourier transform to exist. 
The following are the more important sufficient conditions on the function. 
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1. The function is absolutely integrable over the entire domain. 

2. The function has only a finite number of discontinuities and a finite 
number of maxima and minima in any finite region. 

3. The function has no infinite discontinuities. 

Before becoming overly involved in these conditions, we must recall that 
this book relates to an applied science, so that we are interested primarily in 
studying the transforms of real physical phenomena. These will include a 
variety of two-dimensional source distributions or two-dimensional transmission 
functions. These physical distributions, by definition, have a transform since, 
as pointed out by Bracewell [1965], . . physical possibility is a valid sufficient 
condition for the existence of a transform." In our analysis, however, we will 
often use convenient idealized distributions to study various system properties. 
These include the delta function, sinusoidal distribution, dc or constant term, 
and so on. Each of these useful functions violates one or more of the previously 
listed sufficient conditions. It would be unfortunate, however, to abandon 
these and lose the resultant insights. Instead, we use them in a limiting process 
so that the conditions remain satisfied. 

One example of this limiting process is the representation of a two-dimen- 
sional delta function as the limit of a two-dimensional Gaussian function as 

given by r A N . 0 

d(*,jO- Km* exp r ^ ^^2.19) 

where r 2 = x 2 + y 2 . The Fourier transform of this function (see Table 2.1) is 
given by 

*{<x 2 exp (~a 2 /rr 2 )} - exp (- (2.20) 

where p is the radial variable in Fourier transform space and p z = u 2 + v 2 . 
Applying the limiting process to equation (2.20), we obtain 

y)} = Km exp (-^r) = (2 ' 21) 

Thus the Fourier transform of the delta function is uniformly distributed over 
the two-dimensional frequency domain. 

The limiting process has allowed us to stay within the required mathe- 
matical conditions and yet evaluate the transform of a function that violates 
our third condition. The particular function, S(x, y), is very useful, as is its 
transform. We can also use the same limiting procedure to evaluate the trans- 
form of a constant term of unity amplitude, a function that violates our first 
condition. In this case we define the constant term as the limit of the same 
Gaussian function, where a now approaches zero. Taking the limit of the 
transform, we evaluate the Fourier transform of unity as 8{u, v) a delta function 
in the frequency domain. 
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It is important in many problems to know the relationship between manipula- 
tions in object space and those of the frequency domain. For example, what is 
the effect on the frequency spectrum if an object is magnified or shifted? The ,) 
more important of such relationships are given below without proof. The proofs 
are left to the reader or by consulting references [Bracewell, 1965; Goodman, 
1 968]. 

In each of the following relationships, 

5{g(x,y)} « G{u,v) 

and 

mx,y)}~ H(u,v). 



Linearity 

H*g \ fih] = u5{g] - 1 fiS{h] (2.22) 
The Fourier transform operation is linear, so that the transform of the weighted 
sum of twofunctions is the weighted sum of their individual transforms cAx ~* " fU 

Magnification-.^ ^Ou^C"* (qT 1 " 

The stretching of coordinates in one domain results in a proportional contraction 
in the other domain together with a constant weighting factor. 

( *{g(x -<*,y-b)} = G(u, v) exp [-iln(ua + vb)] (2.24) 

Translation ot^a function in object space introduces a linear phase shift in the 
frequency domarrs^ x - r r . ,u.n -ltuC*«^ w fo . , 

Convolution ^ 

* {J J *<f ■ ~ f • ^ ~ rf?} = C(", *)#(", v) (2.25) 

— CO ' 

The convolution of two functions in space is represented by simply multiplying 
their frequency spectra. This relationship occurs very frequently in medical 
imaging, where a spatial distribution g is blurred by an impulse function h. 
The two-dimensional convolution operation is abbreviated as g ** h. 



15 



16 Linear Systems 



Cross Correlation 

9 { J J ««. + t>y + - V)H * (U ' v) (126) 

This relationship is abbreviated using stars as { « U is closely related to 
the convolution with the equivalence expressed by 

rtx, y) ** AC* >) - K ~ X ' ~ y) - 

If we set g = A, we form an autocorrelation where 

SF«*. 30 ** g* (x, I)} = CO". f)G*(«, •) = W (2 - 28) 

Separability 

If g(x, j') is separable in its rectangular coordinates as 
g(.x,y) = gx(.x)gy(y) 

then WfrM-'MM** (2 - 29) 

^TS'Sng relationships result when the function g(x,,) is 
separable in polar coordinates, as given by 

g(/,0) = gA)g,(0). (230) 
we can decompose the d variation into its angular harmonics as 

We then evaluate the transform of each angular harmonic by making use of the 
relationship _ i _ t ^ KJgM (2-31) 

where 3CJ-] is the /fan**/ lr#™ of order «, which is given by 

K^Cr)] == 2* £ rg R {rW*rp)dr (2-32) 

where , and 0 are the Fourier transform variables in polar coordinates. Thus 

the complete transform is given by 

G(p, 0) = 2« aX-ife"* £ rg&)Wnrp)dr. (2-34) 
For the important case of circular symmetry, with no 0 variations, we have 

In this case all the a„ values are zero exceptor ... which is unity. The resultant 
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transform becomes 

<Xp, 0) = G(p) = In J"~ rg R (r)J 0 (27irp)dr. (2.35) 

This Hankel transform of zero order is often referred to as the Fourier- Bessel 
transform. 

FREQUENTLY OCCURRING FUNCTIONS ~ ^s(7tt^U - i si*{*iru^ 
AND THEIR TRANSFORMS J 

We first present the transforms of a number of well-known continuous functions 
(Table 2. 1X ' ' ' n " r ^ ' - 



* ^ — rT r co ™^»-*iiumi wiiuiiuous xunci 

2.1). ±1 Si^-rrV^-c Si^TVvV € -^^(lAV+v^^ 

Function VI . T Mn cf n ,« ^' 00 



6^ ^v: 



sin 2;tjc 
cos 27T>> 



Function f f . Transform ^ ■ -l /, ^, - u<lV J 

±l6(v - i) + i(„ + i)] It- % «* 9^5) 



exp [l 7T(* + >0] 
exp (—nr 2 ) 
1 



km 



We now define a number of specialized functions and present their transforni 
without derivation (Table 2.2). Some of these are illustrated in Fig. 2.3. 



0 ~^' J| 



TABLE 2.2 




Function 



Transform 



^yect(jc) = I 1 
L f 10 otherwise 

rect (x) rect (>>) 

(0 otherwise 



sine («) = 



A(*)AO0 

comb (jc) = 2 <5(* - «) 

n=-oo 

comb (x) comb (y) 

circ (r) = \ — 

10 otherwise 

(0 otherwise 



sin 
7tu 

sine (w) sine (u) 
sine 2 («) 

sine 2 (w) sine 2 (v) 
1 

e -/2«(*o+yo) 

comb («) 

comb («) comb (w) 

Ji(27tp) 

P 
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Mv| 
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7. 








7- 
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0.610 \_S 1.619 
FIG. 2.3 Often encountered special functions. 



SAMPLING 

•*iiv thcae involving computer operations, 
In many imaging operates, ^^^^Xt^^^'^- 
we represent a continuous ^^^^^^J^uly define the two- 

We JU condition; ^^^^.^TSj ^ «** *f 
dimensional function. Consider a w functions separated by X 

rr.rs^sfT" ™ — ima8e 

.tort—- ^* ( 
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These samples will completely represent g(x 9 y) if it is adequately bandlimited. 
The spectrum of the samples g s (x, y\ is given by 

G,(u, v) = SFfe,(x, y)} = XY comb (uX) comb (vr) ** G(w, v). (2.37) 

The comb functions are each infinite arrays of delta functions separated by 
\/X and 1/y, respectively. Since convolution with a delta function translates a 
function, convolution with a comb provides an infinite array of replicated 
functions. Thus equation (2.37) can be rewritten as 

G,(u, v) = ± m ± m O(u -■$>•-$) ( 2 -38) 
using the relationship 

XY comb (mJO comb (uY) = £ £) <$(« - 4- » - (239) 

G,(w, v) consists of a replicated array of the spectra <7(w, v). If these spectra 
do not overlap, the central one can be isolated through frequency-domain 
filtering and will thus reproduce G(u, v). Since each spectra is separated by l/X 
and 1/ Y, the filter for isolating the central replication is given by 

H(u, v) = rect (uX) rect (v Y), (2.40) 

To avoid overlap the maximum spatial frequencies present in the image are 
1/2 Yin the u axis and 1/2 Y in the v axis. If the image is subject to this bandwidth 
limitation, the original spectrum can be restored using the filter of equation 
(2.40), where 

G(u, v) = G,(u, v)H(u, v). (2.41) 

Thus one approach to restoring an appropriately bandlimited image from its 
samples is to Fourier transform the samples, multiply the resultant spectrum by 
a rectangular filter, and then inverse transform the result. An equivalent method 
is the use of interpolation functions as derived by taking the Fourier transform 
of equation (2.41), where 

g(x, y) = [comb comb (i)g(x, y)] ** h(x, y) (2.42) 
= XY £ S g( nX > mY)8{x - nX, y - mY) 

n = -co m~ -oa 

** £ sine (*) sine (f) (2.43) 
= a S m JL^ g&X, mY) sine [±(x - irf)] sine [^(x - mr)] (2.44) 

The final result is quite elegant in that it is a weighted sum of two-dimen- 
sional sine functions. Thus each sample at x = nX, y = m Y is used to weight a 
two-dimensional sine function centered at that point. The sum of these functions 
exactly restores g(x, y) if, as indicated, it is appropriately bandlimited. 

The band limitation can be restated as the image having no frequency 
components greater than \\2X and 1/2 7, half of the sampling frequencies \/X 
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and 1/ Y. Any greater image frequency components will result in overlap of the 
spectral islands. This overlap cannot be removed by filtering and results in 
aliasing, where the higher-frequency components reappear at incorrect fre- 
quencies. 



ELEMENTARY PROBABILITY 

A number of considerations in medical imaging involve simple probabilities or 
stochastic considerations. This is especially true when studying the noise 
properties of the signals or images. We first define the distribution function F(x) 
of a random variable x, which is the probability P that the outcome X of the 
event will be less than or equal to x as given by 

P[X<x] = F(x). (2.45) 

The probability that the outcome Xis between two values, x t and x z , is therefore 
given by 

P[ Xl < X < x 2 ] - F(x 2 ) - F( Xl ) - r p(x)dx (2.46) 
where p(x) is the probability density function, which is defined as 

pW = Tx Hx) - (147) 

The probability P[-] has the property that its value lies between zero and 
one. F(x), the distribution function, is monotonically increasing from zero to 
one as x goes from -oo to oo, The probability density function p(x) is always 
positive and its integral over all x values is unity. The probability density function 
p(x) takes on a variety of forms, including Gaussian, uniform, and so on. In the 
cases where x takes on only discrete values, such as the outcomes of dice, p{x) 
is a sum of delta functions. 

The mean of the outcomes, or expected value of X, is given by 

~ " X = E(X) - J xp(x)dx. (2.48) 

The expected value of the nth moment of X is given by substituting x n for x in 
equation (2.48). An important statistical parameter is the variance a 2 Xi which 
represents the second central moment of X as given by 

a x = E[(X - X) 2 ) - E(X*) - X\ (2.49) 
The standard deviation a x , the square root of the variance, represents the root- 
mean-square (rms) variation of X about the mean X as given by 

o x = [E(X 2 ) - X 2 }" 2 . (2.50) 
If X represents the energy or power, the standard deviation is the average 
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Certainty in this component or the noise power. If X represents an amplitude 
such as voltage or current, its square represents the power and therefore its 
variance becomes the noise power. 

C In general, the signal-to-noise ratio (SNR) is defined as the ratio of signal- 
tq.no.se power. For example, in the ultrasound systems of Chapters 9 and 10 
a^gna 1 e(» ,s received from sound reflected from a region of interest. The 
np.se n(t) from the transducer and amplifier follows a Gaussian probability 
density as given by v ' 



, <"') 

ti|Lt™^ir " (,) ' " s mean is *"° and ils variance " "■ 

(252) 

Iwhere a\ is the variance as shown in equation (2.51). 

| . In the x-ray and gamma-ray portions, the noise is dominated by the discrete 
gure of the energy ,n the form of a countable number of photons recorded at 

T Pr0babiHty demity ft,nCtion describin * the n^ber of 

:photons is the Poisson function given by 




p(k) = 



(2.53) 



| where p(k) ,s the probability of exactly k photons where the average rate is X 
M photons per pixel. Applying equations (2.48) and (2.49), we find the mean k~ = X 

rN R tg?venby = * ^ ^ ° {ph0t ° m h a Unit ° f ener ^' th * 



This is considered in detail in Chapter 6 




SNR = JL = yx. 



(2.54) 




PROBLEMS 

Z1 lh i ltf i T ng D Sy ,? m ° f the typC iI,UStrated in Fi S- 2 - 2 "™ a circular 

5S? * US * « USmg the ge ° metry shown > and as *™ing a constant 

' telfr^ C ' enCy ' find the ° UtpUt S P atial fre£ l uenc y m •> "n 
terms of the input spatial frequency spectrum /,(«,*). 

^ "atform finH* T^T °* ™° ^ ° ften Called the Fourier-Bessel 
transform, find the transform of the following. 

00 S(r - r 0 ). 
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(b) rect where a > b. 



(c) g r {ar), where fffe r (/)} = G(p). 

2.3 Prove the following properties of 5 functions. 

(a) f(x, y) 5{x -a,y-b) = f(a, b)S(x -a,y- b). 

(b) f{x, y)**6(x-a,y-b)= fix -a,y- b). 

(c) S(ax,by) = JL ] 8ix,y). 

(e) Six,y) = %g. 

nr 

2.4 Prove the following Fourier transform relations. 

(a) mg(x,y)}} = g(-x, -y), 

(b) 5{g*h} = GH. 

(c) ng iax,by)} = T l F] G(JL, i ). 

(d) 5{g(x -a,y- b)} = <7(w, v) exp [-ilniua + vb)]. 

2.5 A random variable x has uniform probability of being between the values 
a and b. 

(a) Find the probability density function p(x). 

(b) Find the mean value of the variable E(x). 

(c) Find the standard deviation of the variable a x . 
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Physics of 
Projection Radiography 



The term projection radiography could be referred to as conventional radio- 
graphy to be more familiar, although less descriptive. It refers to the bulk of 
x-ray studies where the transmission of x-rays through the body is recorded 
on film. 



PARALLEL GEOMETRY 

To study the various attenuation effects, we use the simplified geometry of Fig. 
3.1. A parallel collimated x-ray source is assumed such as would be produced 
by a point source at infinity. In this assumption we avoid the distortions due 
to a finite source reasonably close to the object. These distortions are con- 
sidered in detail in Chapter 4. This beam is partially absorbed and scattered in 
the object of interest with the remaining transmitted energy traveling in straight 
lines to the detector. For purposes of this discussion, it will be assumed that 
the detector plane is sufficiently far away so that all scattered radiation fails to 
reach the detector. The effects of scatter are considered in Chapter 6. 

23 
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SCATTERED ENERGY 
FIG. 3.1 System for studying x-ray attenuation, 

ATTENUATION RELATIONSHIP 

of the photon from the tZ^ l^TT" ^ " ^ rem ° Val 
between an x-ray photon J,t2? . a bsor P t,on. This interaction 
Photons in the beam. ^lt^r7tlT J n0t affeCt the other 
the beam AN in a region of Z^^T^^ "* ^ ^ 

AN = —fiN&x 

bean, lose, photon,. As wouffbe £f T "'^ since 

L, ~N~ = ~ M J 
Solving equation (3.2) we have'the classical attenuation relationship 

the same relationship as that of th, !.^ 1°' , H tenSlty attenua tion follows 

The r n ^ * *e 

per unit area weighted by the enerav L u f the number of photons 

g by the energy per photon. In the more general case the 



(3.2) 
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S2^^»pSK zr and the ,inear 

given bT ndinS " eqUati ° n (3 3)> intenSity at thC detCCtor P' ane y) is 
Ux, y) = j / 0 (g) exp [- J M ( Xy yt z> gy/U . (3 4) 

Dhoto/f !i th ; inddent *' ra y beam '"tensity as a function of the energy per 

'(x, », S„) = exp [- £ A(jr , z> &o)c/2 ] . (3 5) 

If M has a uniform value of Mo throughout the volume, / is given by 

'(*,J>,S 0 ) = exp(- Ao /) (36) 
where /*„ is the attenuation coefficient at S„. 

SOURCE SPECTRUM 

tS^^STJ^ CXiSt . in the s P ectrum - However, thus far, 
TZS^^T ' rC a " energetic electron beam str 'k« a metal target h J 

rh ra J^ S0U , rCe ° f X " ray energy from x " ra y tu b« has the Bremsstrahlun* 

h,gh-energy photons whose energy depends on the electron energy the chLe 
of the nucleus, and the distance between the electron and Jhe nucleus The 
elect ons are accelerated toward the target by an anode voltage E 

intend 8etS ' 3 T f ° rm Ph ° t0n ener ^ distribution is produced whose 
intensity is proportional to the atomic number Z and whose mLimum nhZ! 
energy , s the electron energy * The spectrum is relaLely unSrm TinceT 
ferent events produce different numbers of photons. For examnYe the nhofon 
can gl ve up all its energy to a single emitted' photon o 'energy^ S ntilariH 
can produce « photons, each of energy Efn. Thus the averagf intensky at each 
photon energy ,s s.milar. ^thickjaxget^such as yuised in conven" onafx raJ 
sources, results ,n ^^^^f^^^Z,^^^^^ 
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in Fig. 3.2. The thick target can be modeled as a sequence of thin planes each 
causing a successive loss of electron energy. Thus the spectrum produced by 
each succeeding plane is again a uniform spectrum whose maximum value 
becomes progressively lower. The sum of the radiation assumes a triangular 
form due to the reduced electron energy at increasing depths. The total emitted 
energy because of this triangular form is approximately proportional to ZE 2 9 
where E is the initial electron energy. 

RELATIVE 
INTENSITY 




PHOTON 



E ENERGY (ev) 

FIG. 3.2 Energy spectrum of a thick target, showing effect of filtering and 
characteristic radiation. 

Many of the x-ray photons, especially those at lower energies, are absorbed 
before they leave the x-ray tube. This filtering of the beam occurs in the target 
itself, the glass envelope of the x-ray tube, and in other filtering structures which 
the x-ray beam passes through. The effect of this filtering is shown in the dashed 
curve in Fig, 3.2. This filtering is normally desirable since these low-energy 
"soft" x-rays have little penetration in the body and can cause skin burns 
without contributing to the transmission image. Often additional filtering mate- 
rial, such as aluminum, is added to remove these lower energies. In specialized 
studies involving relatively short path lengths and soft tissue, as in mammo- 
graphy, the lower-energy x-rays are used in image forming. 

Were it not for the various filtering actions within the tube, the efficiency 
of x-ray production would be proportional to E since the output power is pro- 
portional to E 2 . Because of the filtering action, however, the output power 
increases at a greater rate than E 1 . 

In addition to the uniformly decreasing photon energy spectrum, Fig. 3.2 
shows the characteristic radiation lines. These are produced by the accelerated 
electrons colliding with a tightly bound electron, usually bound in the K shell 
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of one of the atoms of the target material. The electron is ejected and the vacancy 
: ^ is filled by an electron from another shell. The loss of potential energy in the 
transition between shells is radiated as an x-ray photon having an energy equa 
to that of the transition. This characteristic radiation occurs at all levels but 
is most pronounced at the inner K shell. It represents a significant fraction of the 
total radiated energy from the x-ray tube. 
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THE ATTENUATION COEFFICIENT 



The linear attenuation coefficient ji of all materials depends on the photon 
; energy of the beam and the atomic numbers of the elements in the material 
[Johns and Cunningham, 1,974]. Since it is the mass of the material itself that is 
I % oroviding the attenuation, attenuation coefficients are often characterized by 
alp the mass attenuation coefficient, and are then multiplied by the density to 
get the linear attenuation coefficient in units of inverse distance. In the diag- 
nostic range, below 200 kev, three . mechanisms dominate the attenuation: 
coherent scatter, photoelectric absorption, and Compton scatter, as shown in 

Fig. 3.3 for water. . . . 

Coherent or Rayleigh scattering is the apparent deflection of x-ray beams 
caused by atoms being excited by the incident radiation and then reem.tting 
waves at the same wavelengths. This phenomenon is useful in x-ray diffraction 
m studies, where the x-ray energies are of the order of a few kiloelectron volts and 
■Hthus the wavelengths are the same order of magnitude as atomic dimensions. It 
is relatively unimportant in the energies used in diagnostic radiology, as is seen 

I ^ At P the°iow;r energfes of interest, the photoelectric effect dominates the 
fefattenuation coefficient, as . seen by the plot of p. The x-ray photon m this 
case is absorbed by interacting with a tightly bound electron. The kinetic energy 
of the ejected electron is dissipated in the matter. The vacancy is filled in a 
very short period of time by an electron falling into it, usually from the next 
shell. This is accompanied by the emission of characteristic x-ray photons called 
: fluorescent radiation. Lower-energy excitation is absorbed in the M and L shells, 
. while higher-energy radiation is absorbed in the inner K shell. Th.s absorp .on 
becomes particularly important with the higher-atomic-number materials that 
are used as radiopaque dyes. The mass attenuation coeffic.ent due to photo- 
electric absorption varies approximately as the third power of the atomic number 
of the material so that the linear attenuation coefficient will vary approximately 
as the fourth power. Thus photoelectric absorption becomes increas.ngly impor- 
tant with higher-atomic-number materials. 

The attenuation coefficient undergoes a sharp increase in the energy 
region corresponding to the K shell. This is known as the K absorption edge. 
5 -ftl /For the lower-atomic-number elements, such as are found in water and organic 
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(cm 2 /g) 




FIG. 3.3 Total and components of mass attenuation coefficient of water. 



material, this K edge occurs below the diagnostic energy spectrum being used. 
For 'higher-atomic-number materials, such as lead shown in Fig. 3.4, this K 
edge occurs within the spectrum of interest. At energies well beyond the K 
absorption edge, the attenuation due to the photoelectric effect diminishes in 
importance. Over the range of interest, /x p ip varies as 1/S 3 . 

The most significant and most troublesome source of tissue attenuation in 
the diagnostic region is that of Compton scattering. The Compton effect con- 
sists of a collision between an x-ray photon and either a free or a loosely bound 
electron in an outer shell, as shown in Fig. 3.5 [Weidner and Sells, I960]. 

Since conservation of energy must be preserved, the relativistic energy 
balance is given by 

E - £' + (m - m Q )c 2 (3.7) 

where E' is the new photon energy and (m — m 0 )c 2 is the increase in electron 
energy, where m 0 is the rest mass of the electron, c is the velocity of light, and 
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FIG. 3.4 Total and components of mass attenuation of lead (p = 11.5 g/cm 2 ). 
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FIG. 3.5 Collision of a photon and an electron, illustrating Compton 
scattering. 
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m = ino/Vl -Wc) 2 , the mass of the moving electron. Conservation of momen- 
tum in the x and y directions, respectively, provides 



and 



JL —cos9 + mv cos a 
c c 



F* 

0 = — sin 9 — mv sin a. 



(3.8) 



Since the change in the energy of the photon is E - E\ its change in wave- 
length is given by 

AA = ^-$ 

where h is Planck's constant. Using the equations above, we obtain 

A A = ->L-(l-cos0). (3-10) 

Thus the electron is scattered at an angle a and the x-ray photon is deflected 
by an angle 6 at a lower energy (longer wavelength). The increase in wavelength 
AA, in angstroms, is given by 

AA = 0.0241(1 - cos &). (3.11) 

As can be seen, the percentage change in wavelength is significant only at 
relatively high energies since the wavelengths of x-rays at a photon energy of 
50 kev is about 0.2 A. Thus the scattered photons, in the diagnostic x-ray energy 
region, are comparable to the original energy and are a source of serious deg- 
radation to the image. The methods of eliminating the scattered photons will 
be discussed in Chapter 6. As seen in Fig. 3.3, Compton scattering is the largest 
component for water or soft tissue in most of the energy range. As would be 
expected, the mass attenuation coefficient due to Compton scattering varies as 
the electron density of the material. However, the electron densities for almost 
all elements are comparable at about 3 X 10" electrons/gram. Thus the linear 
attenuation coefficient becomes proportional to the mass density of the material. 
The one exception is hydrogen, which has an electron density of about 6 x 10" 
electrons/gram. Thus hydrogenous materials, such as water and soft tissue, will 
exhibit a proportionally higher attenuation due to Compton scattering. 

As indicated by equation (3.11), the fractional change in wavelength and 
photon energy with angle varies significantly with the initial energy of the photon 
[Christensen et al., 1978]. This is illustrated in Table 3.1 for energies both within 
the diagnostic range and higher. As can be seen, the energy change for small 
angles, within the diagnostic range, is quite small. 

The scattering angle distribution is approximately isotropic at the lower 
photon energies used in diagnostic radiology. This changes significantly at 
higher energies, where the scatter becomes predominantly in the forward 
direction. This is significant since attempts at very high energy radiography 
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TABLE 3.1 



Photon Deflection Angle, 6 



Incident Photon 
Energy (kev) 


30° 


60° 


90° 


180° 


25 


24.9 


24.4 


24 


23 


50 


49.6 


47.8 


46 


42 


75 


74.3 


70 


66 


58 


100 


98.5 


91 


84 


72 


150 


146 


131 


116 


95 


1000 


794 


508 


341 


205 



have been limited by the relative inability to distinguish scatter from the desired 
transmitted radiation. 1 

Figure 3.6 shows the various regions of the energy spectrum where the 
different effects dominate [Christensen et al., 1978], As can be seen, higher- 
atomic-number elements will experience primarily photoelectric absorption, 
while those of lower atomic numbers will be dominated by Compton scattering. 



ATOMIC 
NUMBER 




10 20 30 50 70 100 200 300 500 700 

FIG. 3.6 Relative importance of the two major types of x-ray interaction. 
The line shows the values of Z and photon energy hv for which the photo- 
electric and Compton effects are equal. 
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Since each interaction is independent, the overall attenuation coefficient is the 
sum of that due to photoelectric, Rayleigh, and Compton coefficients. 

In using various compounds and mixtures, a mass attenuation coefficient 
can be used which is given by 



P i Pi 



(3.12) 



where p is the bulk density of the material, pi t the linear attenuation coefficient 
of element i, /?, the bulk density of element /, and w t the fraction by weight of 
the element in the material. 

Mass attenuation coefficients for materials normally encountered in the 
body are shown in Fig. 3.7. The coefficient for muscle is almost identical to 
that of water, while that due to fat is somewhat lower. The calcium in bone (Z = 
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FIG. 3.7 X-ray attenuation coefficients for muscle, fat, and bone, as a 
function of photon energy. 



Analytic Expressions for the Attenuation Coefficient 



20) gives it a significant photoelectric effect in the lower-energy regions, which 
partially accounts for its distinct visibility in radiography. At higher energies 
where the attenuation is primarily Compton scatter, its mass absorption coef- 
ficient becomes the same as that for other body materials. 



ANALYTIC EXPRESSIONS 

FOR THE ATTENUATION COEFFICIENT 

The total attenuation coefficient can be decomposed into independent con- 
tributions from each mode of photon interaction as given by 

ft = Mr + Mp + Vc ( 313 ) 
where R,P 9 and C refer to Rayleigh (coherent) scattering, photoelectric effect, 
and Compton scattering, respectively. Rayleigh scattering is included for com- 
pleteness, although, as indicated in Fig. 3.3, it plays a relatively small role in 
the diagnostic energy range. Thus formula (3.1), representing the total number 
of interacting photons, can also be used for the number of interacting photons 
due to each interaction mode, where fi would represent the particular n for 
that mode. 

A number of efforts have been made to develop reasonably accurate 
analytic expressions for the various components of the attenuation coefficients 
as a function of energy and the specific material characteristics. In general, for 
each element, these take the form 

M = PN 8 {/(S) + ftff + Cp^j (3.14) 

where Z is the atomic number, S is the photon energy in kev, C R and C P are 
constants relating the relative magnitudes of the Rayleigh and photoelectric 
components, /(S) is the energy-dependent Compton scattering function, and 
N g is the electron mass density in electrons per gram as given by 

N, = N d % (3.15) 

where N A is Avogadro's number and A is the atomic mass. Thus for all elements 
except hydrogen, N 8 approximately equals NJ2. The Compton scattering 
function /(£), which is independent of the atomic number Z, can be given to a 
high degree of accuracy by the Klein-Nishina function: 

A-M " HfiHtfg -|ln(l+2«)] + ^.n(l + 2«)- ^ 

(3.16) 

where a = 8/510.975 kev. In the energy range of interest, a simpler function 
having reasonable accuracy is f(Z) = 0.597 X 10"" exp [-0.0028(8 - 30)]. 
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The exponents in the Rayleigh and photoelectric components have been experi- 
mentally determined as k = 2.0, / = 1.9, m = 3.8, and n = 3.2, and the con- 
stants as C R = 1.25 x 10" 24 and C P = 9.8 x 10" 24 . 

For composite materials the attenuation coefficient becomes 

M = PN 8 [m + C R § + C P §?| (3.17) 

where Z r and Z p are the effective atomic numbers as given by 

Z r = (Sa ( Zf) 1/Ar (3.18) 

and 

z, = (s«,zr)' /m (3.i9) 

where a, is the ej,ectron fraction of the j'th element given by 




(3.20) 



where N„ = N A w,(ZJA,). In this composite material JV, becomes 

I si i 

Thus, as previously discussed, the important attenuation mechanisms in the 
diagnostic energy range are a photoelectric component having a very strong Z 
dependence which dominates the lower energies, and a Z independent Compton 
scattering component which dominates the higher energies. 



PROBLEMS 

3.1 A region of the body has a 10-cm thickness of muscle tissue. Part of this 
region has a superimposed 2-cm thickness of bone. The densities of the 
muscle and bone are 1.0 and 1.75, respectively. Calculate the x-ray transmis- 
sion in the muscle tissue alone and in the combined muscle and bone region 
at energies of 30 and 100 kev. Which energy is preferable for bone-muscle 
contrast? Which is preferable for visualizing variations in muscle thickness 
in the presence of bone? 

3.2 Using the simpler analytic expression for the attenuation coefficient, in the 
region where the photon energy is under 100 kev, find an approximate 
expression for the energy at which the photoelectric effect and Compton 
effect are equal. Check your expression with that of Fig. 3.6 at Z = 
10 and 20. 

3.3 A source emits photons of energy £ to a thin object as shown in Fig. 
P3.3. 
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FIG. P3.3 

(a) Find the minimum energy of a Co mp ton-scattered photon reaching 
the x-ray detector assuming single scattering events. 

(b) Repeat part (a) where E = 100 kev, z = d/2, h = d/4, and / = rf/4. 

3.4 Consider a cube of depth / having a total of N incident photons on one 
face. Calculate the total number of scattered photons if the total linear 
attenuation coefficient is it and the Comptom coefficient is ji c . [Hint: Use 
the general relationship for the number of interactions in a thin section, 
Aw = n ln /iAx.] Neglect multiple scattering. 

3;5 X-ray transmission measurements are made of a single material of known 
length at two photon energies in the diagnostic energy range where only 
the Compton and photoelectric components are significant. What infor- 
mation can be derived about the material if it is known that it is 

(a) an element? 

(b) a compound or mixture ? 

J 



/V r'V »<A 



k (A £/A 



J 



1 .. Vjj I vktVv-^v^X. 
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Source Considerations 
in Radiographic Imaging 



In Chapter 3, which emphasized attenuation mechanisms, a parallel x-ray 
source was assumed. In this chapter we study the limits imposed by an x-ray 
source of finite size. 



POINT-SOURCE GEOMETRY 

In radiography the sources approach point sources resulting from an electron 
beam striking a metal target. The use of a point source, with its associated 
diverging beam, results in "distorted" projection images compared to those of 
the parallel beam studied in Chapter 3 [Christensen et aL, 1978]. A typical 
x-ray tube is shown in Fig. 4.1 [Ter-Pogossian, 1967]. The electron beam, accel- 
erated to about 100 kv, is used to bombard a tungsten anode. Since the exposure 
times are a small fraction of a second, the anode heating is minimized by using 
a rotating anode and thus providing a larger dissipation surface. The electron 
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ROTATING 
ANODE 




FIG. 4.1 Rotating anode x-ray tube. (Courtesy of the Machlett Labora- 
tories, Inc.) 



beam strikes a tilted surface so that the projected focal spot, in the direction 
of the beam, is smaller than the bombarded area. 

We first consider the geometry formed by an ideal point source as shown 
in Fig. 4.2. The output is formed by the line integral of the attenuation coef- 
ficient fi(x, y> z ) of the various rays. In studying the geometric considerations 
relating to image distortion and resolution, it is convenient to assume a mono- 
energetic source. This represents no loss of generality since we can always return 
to the general relationship as expressed in equation (3.4). Thus the detector 
output due to a monoenergetic source is given by 

h{x d , y d ) - /,(** y*) exp [- \ //<,(*, y> ( 4 - 0 

where I t (x dt y d ) is the intensity incident on the detector plane in the absence of 
any attenuation and ji Q (x, y, z) is the linear attenuation coefficient at the mono- 
chromatic energy 8 0 - 

This intensity I t (x d , y d ) in the absence of any attenuating object can be 
evaluated with the aid of Fig. 4.3. A point radiator emits N photons isotropically 
during the exposure interval. The intensity at a point x d9 y d in the detector 
plane is proportional to the number of photons per unit area at that point as 
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FIG. 4.2 Point-source x-ray system. 




given by 



FIG. 4.3 Intensity falloflf of an incident beam. 



Kx d9 y d ) = K 



NCI 
Ana 



(4.2) 



where NtljAn is the number of photons in Q, a is the incremental area, A' is a 
constant representing the energy per photon, and is the solid angle intercepted 
by the area a given by 

G __ a cosg 

" A ( 4 ' 3 > 
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It is often convenient to specify I t (x d9 y d ) in terms of 7 0 , its value at the 
origin, where 6 = 0, as given by 

'•-S- (44 > 

This provides a representation that shows the variations in incident intensity 
with detector coordinates. Thus /, can be expressed as 

/, = 7 0 cos 3 6 = + jrj^zyji ( 4 - 5 ) 

where r d = xj + y\. 

This cos 3 0 dependence can be interpreted as the product of an inverse 
square falloff with distance, providing a cos 2 0 dependence, multiplied by a 
cos 9 dependence due to the obliquity between the rays and the detector plane. 
Thus far the source has been assumed to be monoenergetic. For a polychro- 
matic source the detector output becomes 

I d (x d9 y d ) = J* /,(£) exp[- J y, z> &)dr~jd&. (4.6) 



DEPTH-DEPENDENT MAGNIFICATION 

Using equation (4.1), the simplified monoenergetic case, we can develop a more 
useful formulation which directly illustrates the "distortion" due to point- 
source geometry. The line integral element, dr y is decomposed as 



dr = Jdx* + dy 2 + dz\ (4.7) 
The line integration, as seen in Fig. 4.2, takes place along a line defined as 

x-^z and y = ^z. (4.8) 
da 

These equations allow us to rewrite the line integration of equation (4.1) 
in terms of the depth z using 



Substituting, we obtain 



ULx*. y*) = h exp[-/l + J J Ao (2^, ^ z> x)&]. (4.9) 

The two-dimensional transmission function at any plane z is magnified by 
d/z in the detector plane, as can be seen in Fig. 4.2. We can therefore rewrite 
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the preceding equation as 

*> = 7 ' exp [-V^+l J 0 d *(nfo. Jfe. *)*] < 410 > 

where M(z) = c//z. This formulation can be arrived at through physical and 
geometric reasoning. The radical outside the integral is the obliquity factor due 
to the longer path lengths of rays through the object at greater angles to the 
normal. In certain geometries, as with relatively thin objects, it can be ignored. 



EXAMPLES OF POINT-SOURCE GEOMETRY 



As a first example, in Fig. 4.4 we study an infinite slab of thickness L which is 
centered at a de*pth of z 0 and has a uniform attenuation of // a . The three- 
dimensional attenuation coefficient can be expressed as 

ti Q (x, y, z) = n a rect ( £ -=r S >) ■ (4. 1 0 




FIG. 4.4 Imaging of an infinite slab. 



Since fi 0 is a function of z only, equation (4.10) simply involves the integral of 
a rect function, giving 

«** y<) - /.exp (-^/l + d MaL y (4.12) 

For the case where (rJ/</ 2 )/* B L<1, corresponding to a combination of a 
small attenuation coefficient, thin section, or regions close to the axis, the 
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Selected output can be approximated by 

Another interesting example of the effects of point-source geometry is the 
iniaging of a rectangular object of unlimited extent in the x direction as shown 
in Fig. 4.5. The attenuation coefficient in space is defined by 

(4.13) 



/*«.(*, y. z) = fi a rect (i) rect ( L -^ L ) 



SOURCE 




DETECTOR 



/ 



FIG. 4.5 Imaging of a rectangular object. 

svliere fi a is the uniform value of // 0 throughout the object. The resultant 
intensity pattern at the detector becomes 

f Ux« y d ) = /, exp [- yTT^ J H. rect 0g) rect (^r*)*} (4-14) 

The product of the two rect functions is used to define the upper and lower 
iimils of integration corresponding to the overlap region of the two functions, 
as shown in Fig. 4.6. 



— rect [(z - z 0 )M 
rec\iy d z/dU 




2\y d \ 

FIG. 4.6 Product of rect functions. 
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Rect [(z - z Q )fw] is shown centered at z 0 with a width w. Three cases are 
shown for rect y d zjdL, corresponding to three ranges of y d . Since the function 
is symmetrical in y d we can evaluate it for \y d \, with the same image appearing 
at each side of the y d axis. For values of | y d \ > dL*/(2z 0 - w) 9 the rect functions 
do not overlap, providing an upper and lower limit of integration of dL/2\y d \. 
Thus the integrated value is zero, corresponding to the lack of attenuation in 
the region where the rays miss the object. In the next region, for values of 
\y d \ below dLl(2z 0 - w) but above dL/(2z 0 + w), the integration takes place 
in the shaded region from z 0 - w/2 to dL/2\y d \ 9 corresponding to rays cutting 
through the corners of the object. In the third region, where \y d \< dLf(2z 0 + 
w), the rays always go through the entire object. This corresponds to an inte- 
grated value of w since rect (z — z 0 )/w determines the limits of integration. The 
resultant equation is given by 

, (-10 + w/2 
/> mio-s dL 

Ux* y<) = /, exp (- M J i + # ^ 4 ( 4 - 15 > 

J minj dL 
lira 

Figure 4. 7 illustrat es the transmission versus \y d \, ignoring the obliquity 
factor J\ + rljd 1 . 




2z Q + w 2z 0 - w 

FIG. 4.7 Transmission of a rectangular object. 



For very thin sections the attenuation coefficient can be characterized as 

Mo(x, y, z) = t(x, y)5(z - z 0 ) (4. 1 6) 

where %(x, y) is the line integral of the attenuation coefficient at each point 
x y y. The resulting detected output is given by 

«** *> = h exp [-JT7J 2 r(%, $)] (4.17) 

where M = d/z 0 . If we ignore the obliquity factor + rj/d\ we can rewrite 
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the detected output as 



(4.18) 



where the transmission function t(x, y) = exp [— t(x, y)]. 

In this form the geometric magnification factor of the diverging beam is 
evident where a plane at z 0 is magnified an amount d/z Q in the detector plane. 
Planes close to the source receive a large magnification, while those close to 
the detector plane receive a magnification approaching unity. 

The distortion of images due to point-source geometry can cause significant 
problems in clinical interpretation if the diagnostician does not take it into 
account [Christensen et al., 1978]. For example, in Fig. 4.8 the apparent relative 



FIG. 4.8 Distortion of the relative position of two images with respect to 
the center lines. 

radial position of two objects is distorted. Similarly, in Fig. 4.9, the apparent 
size of a tilted object depends on its position within the diverging beam. These 
examples are exaggerated compared to the usual clinical situation where the 
angular divergence of the beam is relatively small. 



FIG. 4.9 Apparent size of a tilted object varies with its lateral position. 

Figure 4.10 illustrates an x-ray photograph of an off-axis elongated plastic 
hollow cylinder. Note how the variation in magnification with depth gives the 
appearance of a truncated conical section, with one end experiencing greater 
magnification than the other. 
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FIG. 4.10 X-ray photograph of a hollow plastic cylinder. 



EXTENDED SOURCES 



We have shown how the use of a point x-ray source produces images having a 
depth-dependent magnification which is a distortion when compared to the 
parallel geometry of Fig. 3.1. We now consider the effects of a finite source. 

The x-ray source using a bombarded target, as in Fig. 4.1, has finite dimen- 
sions, which significantly affects the resolution of the detected image [Sprawls, 
1977]. We first assume that the source is planar and parallel to the detector 
plane as shown in Fig. 4.11. If the object is an opaque plane at z having an 
array of pinholes, each pinhole will reproduce an inverted image of the source 
magnified by (d — z)/z, as indicated by the geometry. The point response 
K x d, y<d for a pinhole at the origin in plane z, for a source distribution s(x„ 
y,\ is of the form 

h(x d , y d ) = Ks(-x dJ ±— f ~y*jhi) < 4 ' 19 ) 
= Ks(^ (4.20) 

where A' is a proportionality constant and m, the magnification of the source 
due to a hole in plane z, is given by 

m(z) = - = l - M(z). (4.21) 
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FlG. 4.11 Planar extended source. 



Thus the magnification of the source image is 1 minus the magnification of 
the object. Since the response due to each pinhole is independent of its lateral 
position, the system is space invariant, as discussed in Chapter 2. The response 
to each isolated plane can be structured in convolution form and the spatial 
frequency domain can conveniently be used. The response to a transparency 
having transmission t(x, y) in plane z is given by 



This can be expressed in the Fourier domain as the product of the individual 
transforms, where 



where Tand S are the Fourier transforms of t and s, and u and v are the spatial 
frequency coordinates. 



ANALYSIS OF IMAGING USING PLANAR SOURCES 

Having explored a simplified view of the effects of extended sources, we now 
formulate a more general analysis. Figure 4.12 illustrates an imaging system 
using a planar source s(x„ >>,). In our analysis, we first find the detected image 
due to a differential point at x s9 y s on the source distribution. We then find the 
total detected intensity I d (x d9 y d ) by integrating over the entire source. The dif- 
ferential intensity at the detector plane in the absence of the object, dl t (x d , y d \ 
due to a point at x t9 y s is again given by 




(4.22) 



I d (u, v) = KM 2 m 1 T(Mu i Mv)S(mu 9 mv) 



(4.23) 



dl { (x d , y d ) = dl 0 cos 3 6 
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*d> Yd 



FIG. 4.12 Imaging, using a planar source. 

as in (4.5). dl 0 is now defined as the differential detected intensity on the axis 
of the particular infinitesimal source point where x d = x t and y d = y„ as given 
by 

dh = s(x„y£dx,dy. , (4 24) 

The angular distribution cos 3 0 is also measured from each infinitesimal source 
point as given by 

1 



~ (1 + r*Jd*Y' 2 (4 * 25) 
where r ds = [(x d — x s ) 2 + (y d — y t ) 2 ] l/1 , the lateral distance between source 
and detector points. 

Inserting the object with attenuation ii 0 (x 9 y, z), the differential detected 
intensity due to each infinitesimal source point is given by 

x„ y s ) « ^x^jlyn ex P [~ J * 
- dJ t exp J fi 0 (x, y % z)ds^ 
where ds is the element of line integration. Expanding ds, we obtain 



(4.26) 



ds = v^* 2 + dy 1 + <fr 2 



(4.27) 



Again parameterizing x and ^ coordinates in terms of z, the line integration 
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takes place along 

x = ^-=-^z + x, and y = y * ~ V' z + y,. (4.28) 

Substituting equations (4.27) and (4.28) into (4.26), we obtain » 

dUx d , y d , x„ y.) = dl, exp [-^ 1 + r f z j* /^(itJZ*^ + *„ 

&-=^'z + >>,,*y/]. (4.29) 

Using the previously defined object magnification M = d/z and source magni- 
fication m = —(d — z)fz, (4.29) becomes 

*„ ,,) = tf/ f exp J ^°( £k ^ £ ' TT' 

(4.30) 

The detected image due to the entire source, I d (x di y d \ is obtained by integrating 
the image due to a source point dl d (x dy y dy x s> y t ) over the entire source as 
given by 

- J J (i + r*,w> exp L V 1 + ^ J M m ■ 

For the more complete polyenergetic case, both s and fi are functions of energy 
and the entire expression is integrated over the energy spectrum. 

We can simplify equation (4.31) to provide more insight into the imaging 
process. We first assume that r dt is sufficiently smaller than d so that we can 
ignore the two obliquity factors relating to the falloff in source intensity and 
the increased path through the object. We study a thin object at z = z 0 again 
characterized by 

Mx, y, z) = y)$( z ~ z o). (4.32) 
The resultant detected image intensity becomes 

(4.33) 

To place this expression in the desired space-invariant convolutional form, we 
use the substitution 

x! t = mx„ /, = my, (4.34) 



48 Source Considerations in Radiographic Imaging + 
to provide 

«* »> - d^feg) -»[-(& f0> <4 - 35) 

Using the previously defined t(x, y) = exp [-r(x, y)], we obtain the simplified 
convolution expression 

which is identical to (4.22). This result was derived using a superposition of 
source points each separately imaging the object. This provided a general 
result, equation (4.3 1), for imaging any object. An alternative, simpler approach, 
however, can be used for the case of a planar object with the obliquity factors 
ignored, giving the same result as in equation (4.36). 



ALTERNATIVE ANALYSIS USING PLANAR OBJECTS 

In this approach we find the detected intensity from the entire source due to 
a transparency consisting of an impulse where t(x f y) = S(x — x\y — /), as 
shown in Fig. 4.13. The resultant intensity at the detector plane or impulse 
response h{x d> y d9 x\ y') is given by 

» ( *,,,,,y,/) = >(*-^^) (4.37) 
where t\ is the collection efficiency of the pinhole as given by 




(4.38) 



FIG. 4.13 Impulse response with an extended source. 
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where CI is the solid collection angle of the pinhole. Equation (4.37) is derived 
by direct geometric projection with a magnification m and a translation weighted 
by M . The term is the collection efficiency divided by the ratio of image 
and source areas. Ignoring obliquity is equivalent to assuming that the solid 
angle of the unity area pinhole is 1/z 2 over the entire transparency. With this 
approximation, the detected intensity is given by 

y*) = J J Kx dy y« x\ /)*(*', y')dx'dy' 

Substituting x" = Mx' and /' = My' provides a convolution relationship 
given by 

^^-?5OT'&fi) (4 - 40) 

which is identical to the previously derived equation (4.36). 
Effects of Source Size 

Equation (4.40) illustrates the basic problem of the loss of resolution due 
to source size. For object planes close to the detector where M 1 and m ~ 0, 
the image has unity magnification and is not blurred by the source, no matter 
what its size, since ({/m z )s(x/m 9 yjm) approaches a delta function. For object 
planes closer to the source, for example at z = d/2 where AT = 2 and \m \ = 1, 
the object plane will be blurred by the source size itself. Attempts at greater 
magnifications will have greater blurring since \m\ = M— 1. Figure 4.14 
illustrates two x-ray photographs of a high-resolution test object taken with 
different magnifications. In the case of unity magnification the array of holes 
are well resolved due to the lack of blur from the source function. With a mag- 
nification of 2, however, the smaller holes are clearly blurred by the source 
function. 



SIMPLIFYING RELATIONSHIPS 
USING SOLID OBJECTS 



The simplified convolution relationships (4.36) and (4.40) were derived for a 
planar object with the only approximations being the neglecting of obliquity 
factors. However, for the solid object, even with the neglecting of obliquity, 
the nonlinear relationship prevents us from forming a convolution relationship. 
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FIG. 4.14 X-ray images of a planar object, using different magnifications. 
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Repeating (4.31) without the obliquity factors, we have 

(4.41) 

In general the three-dimensional attenuation coefficient of the object ^(x, .y, z) 
must be used to solve for the intensity. Unfortunately, this relationship does 
not provide the insightful convolution relationship which serves to directly 
indicate the system performance and facilitate the use of frequency analysis. 

Using various approximations, each having different degrees of validity, 
equation (4.41) can be linearized to provide a convolution form. One approach 
is the modeling of the solid object as an array of planar objects as given by 

,/* 0 (x, y,z) = S t,(x, y)S(z - z,) (4.42) 
with the resultant detected intensity 

(4.43) 

where m t = —{d — Zi)jz t and M t = d/z ( . If we make the assumption J /*</z < 1, 
namely that the attenuation through any path is relatively small, we can lin- 
earize the exponential where exp (—J jidz) ^ 1 — J fidz, giving 

*> - /, - S ^( * g) « $ (4.44) 

where I { = (\/47td 2 ) \j s{x„y s )dx s dy s , the intensity in the absence of an object. 

This formulation (4.44) provides a convolution relationship for all planes 
of a solid object. Unfortunately, the approximation used in the derivation, 
J fidz < 1, is quite inaccurate except for very thin portions of the body. At 
diagnostic energy levels the attenuation coefficient of most soft tissue is about 
0.2 cm" 1 . Thus a typical 20-cm depth provides J /idz ^ 4, which makes the 
approximation unreasonable. 

An alternative approach is to assume that most body tissue has an attenua- 
tion coefficient similar to that of water, so that the attenuation coefficient is 
decomposed as 

Mo(x, y, z) = fi w (x, y, z) + Ma(x, y, z) (4.45) 

where /x w is the attenuation coefficient of water and /z A is the departure from 
that of water. We can now more legitimately assume that J fi^dz < 1. Those 
coefficients that do depart significantly from water, namely air and bone, are 
often associated with relatively short path lengths, so that the assumption can 
remain valid. Substituting (4.45) in (4.41) and using the assumption above, 
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we obtain 



where 



x[i-J j^*^ ^r*' (4 ' 46) 

The first exponential in the integral represents the line integral of the object 
consisting of uniform tissue having attenuation coefficient fi w . Because ot the 
uniformity we can make the approximation 

( Xi - mx, y„ - my \ _ / Jfc ik A . (4.47) 

This approximation is valid within the interior of the object. It fails, however, 
at the boundaries of the object, where the attenuation coefficient goes abruptly 
from a w to zero. Using this approximation, and restructuring the integration 
involving as a summation of planes, as in (4.42) to (4.44), we obtain 

/,(*„ ,j - t{i, - E S) - <W m)] (4 ' 48) 

r.-«p[-J*(frfl.')*} 

Equation (4.48) provides a convolution relationship with each plane using more 
valid approximations than that of (4.44). T m represents the transmission through 
the object as if it were composed uniformly of water and the source was a point. 
It should be emphasized that, although equation (4.48) provides a reasonable 
basis for calculating the intensity due to a solid object, that is not the main 
reason for its presentation. The principal conclusion to be drawn from this 
development is that it is reasonable to study the response to an individual plane 
within a volume using the simplified convolutional relationsh.p of equatton 

^Although (4.44) and (4.48) provide the elegance of the convolution rela- 
tionship, for the general three-dimensional object, (4.31) or (4.41) must be 
used. For example, using the rectangular object of Fig. 4.5 with equation (4.41), 
we obtain . -. 

= ^ if <wo-p[-«.j « (****) - e-^w 

X dx,dy v (4.49) 

In this case the limits of integration are no longer symmetrical in y d . The 
integral over the object is given by ^ +w/2 



f dL/2-y,d 
■dU2-y,d 



min \ __ I 

C \ m * x \ -dL/l-yJ 

J \ ml ) \ * ) J p-" 

min J y a -y. 

\ m * X } -dL/2-y,d 

K K y a -y> 
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These limits define five zones of integration corresponding to the regions 
delineated by the intersection of the rays from the finite source with the four 
corners of the rectangle. 

In general, in the study of radiographic imaging, the simplified convolu- 
tional relationships of a single plane are preferred since they provide profound 
insight into the performance-limiting factors. To review the development of the 
convolutional approach, we first showed that, for a planar object, if the rela- 
tively small obliquity factors are neglected, the resultant image is the convolution 
of the magnified transparency with a magnified source. For the solid object, 
we first modeled it as an array of planes and showed that the convolutional 
form would again apply if the total line integral of the attenuation coefficient 
is quite small so that the exponential could be linearized. Since this is not the 
usual case, we then modeled the solid object as a sum of a water coefficient, 
its dominant component^ and a difference from this coefficient. Since the line 
integral of the difference component is quite small, we could linearize this 
portion of the expression and express each plane in convolutional form. As 
indicated, the motivation for this exercise was not primarily to establish an 
analytic procedure to deal with solid objects. It was, rather, a justification for 
analyzing systems by their response to a single planar object. We have shown 
that the simplified planar object analysis does indeed predict the performance 
of complex volumetric objects. 



NONPAR ALLEL SOURCE DISTRIBUTIONS 

In most x-ray tubes, as shown in Fig. 4.1, the source is not parallel to the 
plane of the detector. This results in a different point-spread function for each 
region of the detector plane. In general the source is a three-dimensional surface 
s(x„ y S9 z,). Using the same type of derivation as that of the planar source, 
the generalized expression for the recorded intensity becomes 

X J f^-^f^. 'Y\d'M', (4.51) 

where 

m '^-Lz± and M' = ( LzlLl. 
z — z t z — z s 

As shown with the rotating anode tube of Fig. 4.1, the conventional x-ray tube 
has a source that can be approximated as a planar surface which is tilted with 
respect to the detector. The effects of this source distribution are illustrated in 
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Fig. 4.15. As can be seen, the projected source size varies significantly for dif- 
ferent y positions on the planar object t(x, y). The source geometry is modeled 
by setting z s = ay„ where a is the tangent of the angle between the source 
plane and the vertical. 




h d - 

FIG. 4.15 Point response variations due to a tilted source. 



m x m y 

where m x , m y9 M x , and M y are the incremental magnifications as given by 



For the tilted source case we can again evaluate the impulse response 
using a pinhole at x\ y' as in Fig. 4.13. Since, in general, the magnifications 
will be different along each axis, we can rewrite equation (4.37) as 

Kx d , y d , x>, y') = -JL-s( x < ~ M > x \ * 'J 4 '*' ) (4.52) 
m x m y \ m x m y / 

the incremental magnif 
and 

In the case of the planar source parallel to the detector, these magnifications 
were constants independent of source and object coordinates. For the tilted 
source these constants are evaluated with the aid of Fig. 4.16. The values of 
rri and M' for the tilted source, by geometry, become 

m = - d ~ z and M = (4.54) 
z-*y. z -ay, 
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FIG. 4.16 Ray tracing for a tilted source. 

The incremental magnifications are found by appropriately differentiating the 
recorder coordinates in Fig. 4.16, where x d = M'x' + m'x, and y d = M'y' + 
m'y,. These are given by 

z - ay J y (z - ay,) 2 

and M x = M y ~ d - ay ' . (4.55) 
y z — ay, v ' 

For any sources of interest the source size will be significantly smaller than 
the object depth z. Thus z^>ay, and d^> ay,. We then get the approximate 
relationships 

w _ _ w m _ (rf - z)(z - g/) _ _/ l - qjA 
w * — ^ — p — — ^-J, 

and = M y A = M. (4.56) 
Using these relationships the point response, ignoring obliquity, is given by 
fa x', /) - _ « //x) {*^ gfl I ffi x) } (4-57) 

This impulse response confirms the behavior shown in Fig. 4.15, where the 
y magnification changes significantly with the vertical position of the object 
point y'. The x magnification remains essentially unchanged. For the case of 
an impulse at y' = z/a, the detector sees the edge of the source, resulting in a 
line image. Equation (4.57) then reduces to a delta function in the y dimension. 

For the intensity due to a general transparency t(x, y), we use the impulse 
response in the superposition integral. Making the substitutions x" = Mx' and 
y" = My', the detected intensity becomes 

I(x v \= 1 ff 1 A x *~ x " y*-? 9 \ 

A * yd) 4nd 2 m 2 J J 1 - *y"/Mz \ m 9 m(l - ay"/Mz)) 
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Despite the appropriate substitutions, equation (4.58) remains space 
variant because of the variation in the y magnification with the object coordi- 
nate. In an attempt to use the convolution formulation, we can divide the 
object plane into narrow horizontal strips at each value of /. These strips form 
space-invariant or isoplanatic patches within which the impulse response is 
constant. Each horizontal strip at an object coordinate / corresponds to a 
horizontal strip at the detector plane at coordinate y d = My'. An approximate 
convolutional relationship can be structured at each horizontal strip by refor- 
mulating equation (4.58) as 

y« yd ~ 4nd i m 2 { } „ ay' d ld) S (m' m(l -ay'Jd)) ** ' (m' m) (459) 

where y' d is the detector coordinate of the region of interest and is a constant 
in the convolution operation. The variation of vertical resolution with / d is 
clearly indicated. This relationship can be transformed into the frequency 
domain as 

v > & = OT S [ W "' m ( l ~ ^)*] T (Mu, Mv). (4.60) 

Again at y' = z/a corresponding to y' d = d/a 9 we see the infinite bandwidth in 
the v dimension. 

We have shown that the commonly used rotating anode tube can be 
structured as a tilted planar source. Although all the magnifications become a 
function of object position, the only one that changes significantly is the source 
magnification in the direction of the tilt. Using formulations for the incremental 
magnifications, with appropriate approximations, we develop an impulse res- 
ponse which is a function of the object position in the direction of the tilt. This 
allows an approximate convolution relationship which serves to illustrate the 
nature of the blur function. 



EFFECTS OF OBJECT MOTION 

The oversimplified solution to the problem of a finite source size is to use an 
extremely small source. These sources, however, have reduced power output, 
requiring longer exposure intervals, resulting in blurring due to the motion of 
the object under study. These motions are either those of uncooperative patients, 
such as children, or the physiological body motions of the respiratory, cardio- 
vascular, and gastrointestinal systems. 

The blurring effect of motion can be considered as a linear system parameter 
similar to that of the source size. Using the basic system of Fig. 4.13, consider 
the pinhole aperture moving uniformly in the x direction with a velocity v 
during the exposure interval T. The image movement at the recorder plane, by 
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geometry, is MvT. The resultant recorded intensity is given by 

to - J^<& &) ** * AivT r(Xt (*)■ (461) 

Thus the motion blurring is minimized by a short exposure time J 

Equation (4.61) can be restructured to emphas.ze the trade-off between 
source size and exposure time as limiting the system resolution. The energy 
density of the source ,) can be written as the product of a powe, ^density 
ptx v) and the exposure time T. The total source energy E. is thus g.ven by 
T\\ kx,y)dxdy. To minimize the exposure time, for a g.ven source energy 
the source is operated at its maximum power density /»„„ usually determ.ned 
by the temperature limit. If we assume that the source is em.tt.ng un.formly 
and has an extent of a{x, y), equation (4.61) becomes 

v /'m.* f f «(*. y)dxdy 

. UxJM.'yJM) „ P Ta (Xd M * J^lAl—— 

I„(x d , y*) = %„ d i m i * rm " 1 a \W ml MvE, 



x rect 



xA.Jf <x,y)dxdy 



MvE, 



(4.62) 



where is a binary function denning the extent of the uniform sou ce 

The T in the rect function due to motion has been replaced by the source 
energy divided by the integrated source power. For a square source where 
fa y ) = rect x/L recty/L, the impulse response is given by 

**. *> = * -t gfc jjfc) * rect (Hgjjfcp) • « 63 > 

As indicated in (4.63), a larger source size results in a decreased motion blur- 
ring, and vice versa. The total extent of the point response in the x direction, 
X, due to source size and motion, is given by 

r mil 1 ' 

This expression can be minimized with respect to L, giving 

= / 2MvE, \ 1/3 , (4.65) 



A square source size having this dimension will provide the smallest point 
response in the x direction. The corresponding exposure time T is given by 

r E, /^V'VMY' 3 . (4.66) 

Thus, as the velocity of the object increases, the optimum source size becomes 
larger and the exposure time correspondingly smaller. 
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Standard x-ray tubes use directly heated cathodes consisting of a coiled filament 
within a focusing cup. The resultant electron optics often results in two distinct 
on the roLng anode which are being bombarded with electrons and 
producing x-rays, as illustrated in Fig. 4. 17. The source function ^ approxi- 
mated as two narrow rectangles each w X L separated by W, as given by 

s( ^)4rect(^) + rect(^)]rect(X). (4.67) 
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FIG. 4.17 Typical focal spot shape in x-ray tubes. 

Typical dimensions for W and L vary from 0.3 to 2.5 mm This represents a 
relatively poor response in the x direction, which can distort vertical edge . 
One indication of the problem is the Fourier transform of the source distnbu- 
tion, as given by 

S(u, v) = 2wL cos (7t Wu) sine (wu) sine (Lv). (4.68) 
The cosine function makes the response highly oscillatory in the * direction 
Of course, as previously indicated, the system response to a source faction is 
determined by the source magnification m. Thus object planes close to the detec- 
tor where m is relatively small, will be relatively independent of the source 

8126 Manyefforts are under way to provide source configurations which are 
both smaller and have preferred shapes. In some x-ray tubes addit.onal Tocusmg 
fields are applied to cause the electron beam to produce a more des.rable single 
spot. Microfocus tubes are available which use electron guns and produce 
focal spots of 50 to 200 microns. Field emission tubes have no heated filament 
and emit electrons from sharp points on a cylindrical cathode where the electric 
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field is very high. These electrons impinge on a conical anode within the cylinder, 
resulting in a relatively large annular source size. These tubes use relatively 
high voltages and low currents and have not achieved widespread use. 

Focal spots are generally measured using a pinhole camera. A small hole 
is placed in a relatively opaque sheet of high-atomic-number metal such as 
lead or gold. The pinhole is placed between the source and the film recorder. 
Ignoring obliquity factors, the resultant source image is given by 

where p(x, y) represents the pinhole. The detected image will essentially repre- 
sent the source as long as the magnified pinhole p{xjM y yjM) is appreciably 
smaller in extent than the magnified source image s(x/m, y/m). In this way the 
pinhole acts as a two-dimensional delta function, reproducing the source image. 
Typically, the pinhole is midway between source and detector with \m \ ^ 1 
and M^2, so that the source image is approximately actual size. A relatively 
high resolution recorder, consisting of film only, is used to preserve the source 
image. 



PROBLEMS 



4.1 (a) Using a point-source x-ray system a distance d from the detector, find 
an approximate expression for the distance from the center of the detector 
r d where the incident intensity has fallen off a fractional amount A, where 
A<1. 

(b) Using the same system, a slab of material of thickness W and attenua- 
tion coefficient /i 0 , parallel to the detector, is placed in the x-ray path. 
Neglecting the falloff in incident intensity, calculate the value of r d at which 
the detected intensity has fallen off a fractional amount A, where A < 1. 

(c) For parts (a) and (b), calculate r d for d = 1 meter, W = 20 cm, ji 0 = 
0.25 cm" 1 , and A = 1%. 

4.2 As shown in Fig. P4.2, a cylindrical bone of infinite length is embedded in 
a layer of soft tissue of infinite extent. The linear attenuation coefficient 
of the bone is pL h and that of the soft tissue is pt w . The incident intensity 
is I Q using parallel x-rays. 

(a) Find an expression for J d9 the detected intensity. 

(b) What is the ratio of the detected intensity through the maximum bone 
thickness at y d = 0 to that of the soft-tissue-only region where y d > Rl 
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(c) Calculate this-ratio for W = 20 cm, R = 0^5 cm usmg the curves of 
Fig 3 7, where the soft tissue is muscle having a dens.ty of 1 .0 and the bone 
density is 1.75. Perform the calculation for x-ray photon energies of 30 
and 100 kev. 

4.3 A cylindrical object having an attenuation coefficient „. is positioned m a 
point-source x-ray system as shown in Fig. P4.3. 



SOURCE f^— 




FIG. P4.3 



(a) Find an expression for /„ neglecting the falloff of the source intensity 
over the detector plane due to obliquity. 

(b) Find an expression for /, using the object in Problem 4.2 with the 
cylinder in a layer of soft tissue. 

4.4 A cylinder of attenuation coefficient * radius R, »ength Lis placed 
on the axis of an x-ray imaging system as shown in ^^^J 
all obliquity factors, find an expression for /„ versus r* where the intensity 
in the absence of the object is a uniform /„. 
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FIG. P4.4 



4.5 A rectangular x-ray source, s(x„y,) = rect(x/JT) rector), is used with 
two opaque, semi-infinite planes as shown in Fig. P4.5. Ignoring all obliquity 
factors, plot the intensity versus y d on the detector plane labeling all break 
points. 
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FIG. P4.5 

4.6 An L x L x-ray source, having unity intensity, parallel to and a distance 
d from the recorder, is used to image a planar transparency a distance z 
from the source having a transmission 

(a) Ignoring obliquity, find an expression for the intensity at the recorder 
plane. (Do not leave in convolutional form.) 

(b) Repeat part (a) where the source is tilted at angle tan" 1 a, where a = 
z g /y t , and the projected size of the source in the xy plane continues to be 
L XL. 
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4 7 A tilted source is used to image an opaque planar tilted object infinite in 
extent and containing three pinholes of equal size as shown m Fig. P4.7. 
Neglecting obliquity, plot /, versus y„, indicating the relative amplitudes 
and the position of the break points. Space invariance can be assumed in 
the vicinity of the pinhole images. 

A 




V 



„ FIG. P4.7 

4 8 A rectangular source tilted by an angle 0 is used to image an opaque object 
tilted at 45° as shown in Fig. P4.8. The projection of the source Y is sig- 
nificantly smaller than all other dimensions. Neglecting obliquity factors, 
plot the relative detected intensity in the y„ direction labeling the y„ axis at 
the break points. [Hint: Assume space invariance in the vicinity of the 
break points.] 

Vd 
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FIG. P4.8 

4.9 A source tilted at an angle of 45° has a projected intensity s(x,y) = K 
circ (r/r 0 ). It is used to image a transparency at z = z 0 , having a transmis- 
sion t{x, y) = £ S(x)S(y - i). Find the resultant intensity at z = d, neg- 
lecting obliquity. 
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Recorder Resolution 
Considerations 



We have thus far considered resolution limitations due to the x-ray source. The 
other important resolution-limiting factor in the system is the x-ray recorder, 
where the image itself is formed. The principal difficulty is in the attaining of 
the desired high resolution while maintaining a relatively high quantum or 
capture efficiency. The quantum or capture efficiency represents the fraction of 
photons that interact within the recorder material. As will be shown in Chapter 
6, the number of captured photons per picture element governs the resultant 
signal-to-noise ratio. This SNR will be shown to be given by 

SNR = CVW ( 5 -0 

where N is the number of photons per picture element impinging on the recorder, 
tj is the quantum or capture efficiency, and C is the contrast of the structure 
of interest. A thick recorder has a high quantum efficiency but, as will be shown, 
exhibits poor resolution. Similarly, very thin recorders exhibit negligible blur- 
ring due to spreading, but capture relatively few of the photons. 
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X-ray film itself is a relatively inefficient recorder of x-ray photons. To collect 
the x-ray photons efficiently, a scintillating screen is used to convert each x-ray 
photon into a large number of visible photons, which are then recorded on 
film. The scintillating screen is a dense high-atomic-number material, such as 
calcium tungstate, which will capture the x-ray photons in a relatively short 
path for resolution considerations. This is illustrated in Fig. 5.1. An incoming 
photon gives up its energy to a scintillating phosphor at a distance x as shown. 
A large number of visible photons are generated in the scintillating crystal. 
The exact nature of this process is quite complex [Bates and Morwood, 1973]. 
We will assume an isotropic radiator of visible light at the scintillation point. 
Also, we neglect the granular nature of the phosphor and assume uniform 
light propagation. It is reasonably accurate to assume that the x-ray photon 
does not interact with the film itself. 
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FIG. 5.1 X-ray recording process. 



The invariant impulse response h(r) along the recording film emulsion is 
governed by two factors, the obliquity factor of the impinging light photons, 
which follows a cosine law, and the inverse-square-law falloff with distance 
from the scintillation point, which has a cos 2 0 dependence. Thus h(r), as with 
the x-ray source in Fig. 4.3, is given by 

h(r) = A(0) cos' $ = h(Q) (x2 *\ 2y/2 (5.2) 
where h(0) is the response at r = 0 given by h(0) = K/x 2 . Thus h(r) is given by 

= v (5,3) 

where K is an intensity proportionality constant. With the assumptions made 
above, this represents the point-spread function of the x-ray recording process. 
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Since the system is space invariant, the frequency response of the system is 
given by the Fourier transform of the point-spread function, as given by 

//,(/>) = Hh(r)} = 2n J*~ jy 2 * X xiyn U2npr)rdr (5.4) 

where J Q (27ipr)r is the kernel of the Fourier-Bessel transform for functions 
having circular symmetry and p is the radial spatial frequency variable as given 
in equation (2.35). The resultant transform is given by 

H x {p) = iTiKe- 2 **'. (5.5) 

It is convenient to use a normalized frequency response H(p) as given by 

This normalization can be performed since it only involves the elimination of 
constant terms and no functions of x. In general, however, the normalization 
should be performed after the averaging process, where H(p) is obtained, to 
ensure that each individual response H x (p, x) is properly weighted in the 
averaging process. 

The normalized frequency response, H(p, x), is the transfer function 
resulting from a photon giving up its energy at a distance x. In order to find 
the average transfer function H(p) resulting from a large number of x-ray 
photons, we integrate over the probability density function p{x) as given by 

H(p) = I H(p, x)p(x)dx = J" e-*"*>p(x)dx (5.7) 

where p(x) is the density function of the point at which the x-ray photons 
interact. The probability density function can be determined from the dis- 
tribution function F(x) given in equation (2.45) which is the probability that an 
x-ray photon will interact within a distance x. For an infinitely thick scintil- 
lating phosphor, the distribution function is given by 

F(x) = 1 - e-»\ (5.8) 

where pi is the linear attenuation coefficient and e~~ ux represents the fraction of 
photons transmitted beyond distance x. The associated probability density is 
given by 

P(x) = ^F(x) = Me'"*- (5.9) 
For a phosphor screen of thickness d, the distribution function is given by 

*W = -hrf=f < 510 > 

This distribution function represents captured photons only and ignores those 
transmitted beyond x = d since they do not contribute to the resultant image. 
Thus the distribution function varies from zero to one as x varies from zero 
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to d. The resultant probability density function is ^""/(l - e"**) with the 
normalized spectrum given by 

U n _ e --«2«^p)]. (5.11) 

~ (2ti/> + fi){l - e-") 1 

Equation (5.11) represents a monotonically decreasing response with 
increasing spatial frequency. A representative value for the thickness i of a 
typical screen is 0.25 mm. A calcium tungstate screen at the center of the 
diagnostic photon energy spectrum will have an attenuation coefficient M ot 
about 15 cm" 1 . A plot using these values is shown in Fig. 5.2. 
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FIG. 5.2 Frequency response of a screen-film system. 



It is important to establish some figure of merit for the frequency response, 
such as a cutoff frequency or effective bandwidth, to evaluate various con- 
figurations. Referring to equation (5.1 1), we note that, using typical values, the 
bracketed expression can be approximated as unity above relatively low spatial 
frequencies. For example, at p = 1.0 cycle/mm, H{p) = 0-53 and the bracketed 
expression is 0.85. Clearly, in establishing a cutoff frequency, it is convenient 
to assume that the bracketed expression is unity. We define the cutoff frequency 
p k as that spatial frequency where H(p k )= k. For values of k less than 0.5, 
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this can be clearly approximated as 



(5.12) 



Substituting 7=1- e~" d , the capture efficiency of the screen, and using the 
reasonable approximation r\k < 1 , we get an expression for the cutoff frequency : 



Pk 



Inkri 



(5.13) 



The currently used definition of limiting resolution is the 10% response. There- 
fore, for this case the limiting resolution in cycles/mm would be /j/0.2ftQ. This 
clearly shows the trade-off between high-frequency response and the efficiency 
as regards the thickness d. A high attenuation coefficient /i is always desirable 
since it provides for the stopping of photons in a short distance. The thickness 
d 9 however, must be a trafde-off between efficiency and the cutoff frequency. 
In practice a variety of screens are made available of differing thickness, so 
that the desired trade-off between efficiency and resolution can be achieved for 
each study. 

Modern x-ray recording systems utilize a double screen-film cassette 
structure which helps this trade-off among screen thickness, resolution, and 
efficiency, as shown in Fig. 5.3. The recording film has a photographic emul- 
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FIG. 5.3 Dual-screen recording system. 



sion on each side and is sandwiched between two phosphor layers. The efficiency 
is now based on the entire phosphor thickness d = d x + d 2 . Scintillations in 
either layer will be recorded on one of the two emulsions. The frequency res- 
ponse due to a scintillation at x is given by 

H(p, x) = e" lnpidl - x) for 0 < x < d x 

= e -2«p<*-*) for d x < x < d. (5.14) 

The film itself is essentially transparent to x-rays. 
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The frequency response averaged over many events using equation (5.7) be- 
comes 

S W> = i - e -»* [[ ex P [- 2 ^i ~ *) + Mx]dx 

+ £ exp [-2np(x - d x ) + tix]dx^ 

= T^M. 2np- M + 2i7+7^ J' (515) 

We will establish an effective cutoff frequency p k for this configuration as was 
done for the previous case. Since d x and d z are comparable in width, each about 
half of d y we can again neglect the exponents of the form exp (—2npd\ since 
they will become negligible at relatively low spatial frequencies. We also make 
the approximation ' 

11 2 
2np - ii + 2np + n ~ 2^ (5 ' 16) 

which is valid as long as (2np) 2 » p 1 . As before, this is appropriate at all but 
the lower spatial frequencies. Using these approximations we again define the 
cutoff frequency p k as that frequency at which H = k as given by 

H(p k ) = (5.17) 
resulting in a cutoff frequency 

This indicates that this configuration, for a given efficiency, has an improvement 
given by 2e' Mdl . It is erroneous to assume that a reduction of d x to zero will 
maximize the resolution since this negates the approximation of H(p) at higher 
frequencies and simply returns us to the original single-layer configuration. 
The optimum condition, as would be expected, is approximately at d x = d(2. 
Under these conditions we have 

with a resultant improvement over the single screen of 2^1 — The double- 
screen improvement factor at high spatial frequencies for commercial screens 
where 7^0.3 is about 1.7. This substantial factor can be used to provide 
improved frequency response at a given efficiency, improved efficiency at a 
given resolution, or any intermediate combination. 

The optimum division of the two screens between d x and d 2 for a given d 
is a somewhat complex subject. A simplified approach is to place the division 
at the mean stopping distance of the photons, thus ensuring that the scintil- 
lations in both screens will be as close as possible to the film emulsions. The 
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probability density function of the photon interaction point, as previously 
derived, is given by 

K*> = T^F* e ""- (5 - 20) 

The mean interaction distance x is given by 

x= [ d xp(x)dx (5.21a) 
Jo 

_ i- e -*n /id +i) _ (5 21b) 

x - Ml - 

For the typical values previously used, ^ = 0.25 mm and //= 15cm" 1 , the 
optimum is 0.1 17 mm, approximately equal to d/2. For thicker screens used for 
maximum sensitivity, with reduced resolution, the front screen depth d x can 
be half of the back screen depth d 2 . 



CRITICAL-ANGLE CONSIDERATIONS 

A further refinement of the frequency response of the phosphor screen makes 
use of the problem of the critical angle. Assuming perfect contact between the 
phosphor and the film, the maximum or critical angle 0 C at which light from 
the phosphor will enter the film is given by 

sin0 c = ^ ("2) 
n p 

where n f is the refractive index of the film emulsion, and n p is the refractive 
index of the phosphor material where n p > n r If we call R the maximum radius 
from the scintillation point at which light enters the film emulsion, we have 



R 



JR Z + x 1 
giving 

R = * (5.23) 

vK/"/) 2 - 1 

Rather than the unlimited spreading of the light as shown in Fig. 5.1, the 
spreading becomes limited to a circle of radius R. Thus the original point 
response of the system is multiplied by circ (r/R) as given by 

mo-vttf^K 3 ) <5 ' 24) 

where n = njn, and the circ function is defined in Table 2.2. The Fourier 
transform of the circ function is given by 
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The total frequency response is the convolution of the originally derived res- 
ponse and that due to the circ function as given by 

//,(/>) = Ke->**' * xU2nxpMn>-l). ( 5 .26) 

In general, the critical-angle consideration increases the resolution but decreases 
the number of captured light photons per x-ray photon. The effect on noise is 
considered in Chapter 6. 



ENERGY SPECTRUM CONSIDERATIONS 

The analysis of the recorder has been done under the assumption of a mono- 
chromatic energy spectrum. With the usual broad energy spectrum generated 
by x-ray tubes, energy dependence of the scintillating phosphor should be 
taken into account for a more complete analysis. Thus a more accurate expres- 
sion for the averaged frequency response in the system of Fig. 5.1 is given by 

Hi(p) = K £ £' e^f^^ d SX^d&dx (5.27) 

where K is a normalizing constant and S'(S) is the energy spectrum leaving the 
body and entering the recorder. For a parallel x-ray geometry, or for regions 
close to the axis where the obliquity of the rays can be ignored, this spectrum 
is given by 

S'(&) = S(&) exp [-| /^(S, z)rfz] (5.28) 

where 5(8) is the source spectrum and fi i is the attenuation coefficient of the 
body as a function of energy and depth. 



ALTERNATIVE APPROACHES 
TO RECORDER SYSTEMS 

In recorders using scintillating phosphors, the light photons were scattered 
isotropically at the point of scintillation. This gave rise to the fundamental 
trade-off between resolution and efficiency. Three configurations can be used 
to avoid this trade-off. 

First, the scintillating phosphor can be structured in the form of optical 
fibers where the inner material is the phosphor itself and, as with conventional 
fiber optics, the phosphor is clad with a layer of lower-refractive-index material. 
When an x-ray photon gives up its energy in one of the fibers, the resulting 
light is trapped within the fiber by complete internal reflection. Thus the trapped 
light bounces back and forth until it arrives at the film. The resolution is thus 
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determined by the diameter of the fibers. Essentially, the fiber structure avoids 
the isotropic spreading of the light photons, with its resultant loss of resolution. 
To increase the collection efficiency, the fiber bundles are merely made longer, 
without a resultant loss in resolution. The photographic film can be placed on 
one side of the fiber bundle with an optically reflecting surface on the other 
side to ensure that most of the light photons eventually reach the film. Initial 
experiments have been made with structures of this type, although thus far the 
practical construction difficulties have prevented its commercial availability. 

The second alternative approach uses a high-pressure gas chamber, usually 
xenon, as the detector. The x-ray photon gives up its energy in an ionization 
process that creates electron-hole pairs. A strong electric field is placed across 
the gas chamber so that the charged particles, once generated, will follow field 
lines and not disperse. The field is thus similar to the fiber structure, which 
forces the ionized particles to follow straight lines. Thus a relatively thick gas 
chamber can be used to ensure that most of the x-ray photons interact and 
thus provide high collection efficiency. The resultant charged particles follow 
the electric field and are deposited on a dielectric sheet. The charge pattern on 
this sheet represents the latent image. If developed with a toner, as is done in 
xerography, the desired image results. One of the practical difficulties is the 
removal of the dielectric sheet from the high-pressure gas chamber. 

A third alternative approach is a scanning system where the information 
is developed in time rather than in space. A narrow pencil x-ray beam scans 
the subject. The detector is made very thick so as to have a very high capture 
efficiency. The detected signal is used to intensity modulate a synchronously 
scanned beam of a cathode ray tube to create the desired image. The important 
characteristic of this system is that the geometry of the detector does not affect 
the system's resolution. Thus a thick, high-efficiency scintillating crystal, such 
as sodium iodide, can be used followed by a photomultiplier to develop the 
electrical signal. The noise considerations of configurations of this type are 
considered in Chapter 6. In any case the resolution is governed solely by the 
geometry of the scanning beam and is independent of the detection process. 
Thus far systems of this type have been impractical since they use a very small 
portion of the x-rays emitted from the source. This causes a long exposure 
interval with the associated distortions due to respiratory and cardiovascular 
motion. 

In recent years line detector arrays have been used which have been 
developed for computerized tomography systems. Here the x-rays are initially 
collimated into a planar or fan-shaped beam. This planar beam is projected 
through the body onto the line detector array. The resolution normal to the 
beam is determined solely by the beam thickness. The resolution along the 
beam is governed by the array of detectors. Each detector is usually shielded to 
prevent ionization products, be they light or charged particles, from entering 
the neighboring elements. Thus, as with optical fibers, the resolution along the 
beam is determined by the size of the detectors. Detector arrays with 0.5-mm 
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detector elements have been constructed. Although the resolution is poorer 
than film screen systems, these arrays exhibit high efficiency and have electrical 
outputs that can be coupled to digital processing systems. The planar beam 
and line array are scanned, relative to the subject, to create a two-dimensional 
image. 

In systems using discrete detector arrays with electrical outputs the resolu- 
tion is governed by the detector size itself. Here the limitation in resolution is 
based on fabrication considerations. A more fundamental limitation on detector 
size is the signal-to-noise ratio, which is considered in Chapter 6. 



OVERALL SYSTEM RESPONSE 

The overall response of a projection imaging system, including the source and 
recorder considerations, is given by 

«*^- Mi) ••«'-> (5 - 29) 

where, for convenience, the source response, like that of the recorder, is assumed 
to be radially symmetric. In this case the intensity J d represents the recorded 
light photons. In the frequency domain this becomes 

I d (u 9 v) = KM 2 T(Mu, Mv)H,(u 9 v) (5.30) 

where H Q (u, v), the overall transfer function between the magnified planar 
object and the image, is given by 

H 0 (u, v) = H 0 (p) = S(mp)H(p). (5.31) 

This transfer function is based on spatial frequencies at the recorder, 
representing spatial frequencies of the magnified object t(x d /M, yJM). It is 
often desirable to evaluate the ability of the system to resolve specific spatial 
frequencies of the object itself. The output spectrum in terms of object spatial 
frequencies is given by 

KM*T(u,v)H,(^) (5.32) 

This transfer function, in terms of object spatial frequencies pjM, enables us to 
study the conditions for maximizing the response to parameters of the object. 
For example, placing the response in terms of depth z, we obtain 

'•GMO-tVXt')- <" 4 > 
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The maximization of this function determines the depth z which provides 
the best frequency response. With a small source, and a correspondingly broad 
S(p), the optimum will occur at relatively small values of z since H(p) will be 
the dominant factor. In the opposite extreme, for a large source having a narrow 
S(p), the optimum will occur where the object plane is near the recorder with 
z approaching d. The optimum depth plane, in general, is determined by dif- 
ferentiating H 0 (p/M> z) with respect to the depth z. 



PROBLEMS 

5.1 Using the appropriate approximations find the ratio of the high-frequency 
cutoff p k for the case shown in Fig. 5.1, with the film in front where the 
x-ray photons impinge, *o that of a screen with the same geometry having 
the film in the back. 

5.2 A film emulsion is placed on both sides of a phosphor screen of thickness 
d. The resultant transparencies are combined such as to provide an overall 
transparency having a small-signal normalized frequency response 

■'■'overall ^ 

where H (Tont and /f back are the individual normalized responses. Find the 
high-frequency cutoff p k of the overall transparency using the appropriate 
approximations. By what factor does this cutoff frequency differ from the 
case of a single emulsion on the front side where the x-rays impinge? 

5.3 In an effort to capture the escaping half of the light photons which are 
normally lost, a mirror of reflectivity R is placed in back of the screen as 
shown in Fig. P5.3. For this case calculate the following: 




EMULSION MIRROR 



FIG. P5.3 
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(a) H(p, jc), the normalized frequency response for a photon stopping at 
distance x. 

(b) H(p), the average frequency response. 

(c) p k , the high-frequency cutoff using the appropriate approximations. 
[Hint: For the reflected light use the virtual image position of the scintil- 
lation, as shown.] 

5.4 A more complete model of a film-screen system includes the effect of 
light from each screen reaching the opposite emulsion as shown in Fig. 
P5.4. Assuming that the film is transparent to light and x-rays, calculate 
H x (p) and H 2 (p\ the normalized frequency responses of each emulsion. 
Calculate the overall response H 0 (p) assuming that it is the average of the 
individual responses. By what factor does H Q (p) differ from the previous 
case, where the film thickness is ignored? 
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5.5 An x-ray imaging system has a uniform circular source of radius r x and 
the impulse response of the recorder is a uniform circle of radius r 2 . An 
opaque planar object at plane z has two pinholes separated by a distance s. 

(a) What is the overall impulse response of the system to a planar object 
at depth 2? 

(b) What is the minimum distance s at which the images of the holes are 
separable, that is, the resultant responses do not overlap ? 

(c) At what ratio of r x /r 2 is this minimum distance independent of the 
depth z? 

5.6 An extended source x-ray system is used with the source parallel to the 
recorder plane and having a distribution s(r) = e' ar \ The recording plane, 
a distance d from the source, has an impulse response h{f) = e~ b,t . Neg- 
lecting all obliquity factors, at what distance z 0 from the source should a 
transparency be placed so as to maximize the relative response at a spatial 
frequency p 0 in the transparency? Discuss the optimum z 0 where a^>b 
and b^%> a. 
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Noise Considerations in 
Radiography and Fluoroscopy 



The ability to visualize a structure in a noise-free environment depends, among 
other factors, on the local contrast C, which we define as 




(6.1) 



where / is the average background intensity and AI is the intensity variation 
in the region of interest. Contrast, however, is not a fundamental limit on 
visualization since it can be artificially enhanced by, for example, subtracting 
part of the background or raising the intensity pattern to some power. Noise, 
however, represents a fundamental limitation on the ability to visualize struc- 
tures. The signal-to-noise ratio, a basic measure of visualization, is determined 
by the ratio of the desired intensity variations to the random intensity varia- 
tions, which are governed by the statistical properties of the system. In general, 
our signal-to-noise ratio will be defined as 

SNR = = (6 2) 

07 (7/ 
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where c t is the standard deviation of the background intensity representing the 
rms value of the intensity fluctuations. 

The noise properties of most communications systems involve additive 
noise only. The energy per photon, hv, in these lower-frequency spectra is rela- 
tively small, so that copius amounts of photons are available for the weakest 
signals being considered. Thus the uncertainties lie almost completely in the 
noise added by the measurement system rather than those of the signal itself. 
Quantum noise, which is the primary noise source in x-ray systems, is the noise 
due to the quantization of the energy into photons each having an energy hv. 
This quantum noise is Poisson distributed. 

We can appreciate the dominance of the quantum noise by considering a 
communications system having an additive noise power of 4KTB, where K is 
Boltzmann's constant, T is the absolute temperature, and B the bandwidth. 
The noise energy per time element \/B is therefore 4KT. The ratio of signal-to- 
noise energy per element can be structured as 

SNR = ,— Nhv (6.3) 

J Nhv + 4KT K J 

where N is the number of photons per time element, Nhv is the signal energy 
per element, and J Nhv is the standard deviation or noise energy per element. 
In most communications systems 4KT ^> hv, so that, for any reasonable signal 
strength, the additive thermal noise term in the denominator dominates. For 
example, at v = 10 6 Hz, 4KT/hv = 2.5 X 10 7 . Even at v = 10 2 GHz, this ratio 
is 2.5 X 10 2 . At the nominal x-ray frequencies of v = 10 19 Hz, corresponding 
to A = 0.2 A, this ratio is 2.5 X 10~ 6 . Clearly, equation (6.3) reduces to an 
SNR given by +/N. This means that in the x-ray region the total energy repre- 
sents a countable number of photons whose statistical uncertainty is the major 
contribution to the noise. 

The emission of photons from the x-ray source is a Poisson process [Parzen, 
1960] whose probability density was given in equation (2.53) as 



P _N k 0 e~ l 



where P k is the probability, in a given time interval, of emitting k photons, and 
No is the average number of photons emitted during that interval. 

In Chapter 3 we characterized the transmission of photons through the 
body as a binary process where photons either interacted and were removed 
from the beam, or did not interact and were transmitted to the recorder. This 
represents a binomial process [Parzen, 1960] where the probability p of a photon 
being transmitted is exp (— j fidz) and the probability q of it being stopped is 
1 — exp (— j fidz). The cascading of a Poisson and binomial distribution 
results in a Poisson distribution as shown below. 

The probability of getting k photons through an object, Q(k), is the sum 
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of the probabilities of the various combinations transmitting k photons as 

gi ven b y . „\ 

m = m ( k y + nk + 0 (* + y f + ■ • • + Pik + „)(* + )p v 

where each term represents a combination of a photon source producing k + 
x photons, P(k + x), and a binomial transmittance (* + X )p»q* , which combine 
to transmit k photons. Since P is a Poisson process, we have 

p ^ + n \k ) pr = (f+W — kTiT\ 

e-»1pNoY toN£. (6.5) 
= k\ «! 

Substituting this result 'in the general equation for Q{k), we obtain 

nfk\ - g^l£ga£ y i3M. (6.6) 
W~ fc! .4* m! 

where the summation is equal to <*"•. Substituting this into the formula for 

Q(k), we obtain 

m = e->»jpN B y (6.7) 

which is identically a Poisson process of rate P N 0 . We have shown that the 
emerging photons from the object continue to be Poisson distributed with the 
rate scaled by the attenuation of the object p = exp (-J ftdz). The photons 
emitted from the object have a mean value N given by 

AT =JV 0 exp ( 6 " 8) 

In a Poisson process of mean N the variance is N and the standard deviation 
is [Parzen, I960]. We can thus calculate the signal-to-noise ratio ot a 
structure having a contrast of C as given by 

SNR = ^| = CV^ ( 6 - 9 > 

where the signal is AN, the variation in the number of photons per element 
defining the structure of interest, and the noise is JN, the standard dev.at.on 
of the number of photons per element. As is seen for a given subject contrast 
C, the signal-to-noise ratio is proportional to the square root of the number ot 
photons. Thus the signal-to-noise ratio can be made arbitrarily high except for 
the radiation limitation. We will briefly consider the nature of the radiation 

d ° S< The subject of radiation [Johns and Cunningham, 1974; Sprawls, 1977] is 
relatively complex and will be treated here in a relatively simplified fashion. 
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Our principal intent is to relate dose considerations to the incident photon 
density and hence to the signal-to-noise ratio. Two quantities are of interest: 
the exposure, or amount of radiation delivered to a point, and the absorbed 
dose or the radiation energy absorbed in a region. 

The unit of exposure is the roentgen (R), which is denned as producing 
ionization of 2.58 X 10"* coulomb/kilogram in air. The absorbed dose unit is 
the rad which is denned as an expenditure of energy of 100 ergs/gram. In air 
an exposure of 1 R corresponds to an absorbed dose of 0.87 rad. The number 
of rads per roentgen varies with different materials and with the energy used as 
shown in Fig. 6.1. As is seen, for soft tissue, there is approximately 1 rad per 
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FIG. 6.1 The relationship of an absorbed dose to exposure in body tissues 
over the diagnostic energy range. 

roentgen throughout the diagnostic energy range. Thus with the exception , of 
bony regions, where the absorbed dose increases at lower energies, the rad and 
roentgen become essentially equivalent for our purposes. 

Figure 6.2 shows the relationship of photon density to the exposure in 
roentgens. At low photon energies most of the photons interact, but the energy 
imparted per interaction is small. At very high photon energies, very few photons 
interact. These conflicting factors result in a peak at about 60 kev, with the 
average over the diagnostic range being about * = 2.5 X 10-° photons/cm per 
roentgen. We use this relationship to characterize the number of photons per 
pixel N in terms of the incoming radiation as given by 

N = fl»</t «p (-J /«fe) < 6 - ,0) 
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FIG. 6.2 The relationship of photon fluence to exposure over the diagnos- 
tic energy range. 
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SNR = CjQARt. 
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absorbed energy, is expressed in gram-rads, where a gram-rad is equivalent to 
100 ergs Another global measure of dose used is the surface integral exposure, 
which is the product of the exposure in roentgens and the total surface area 
exposed. 



RESOLUTION CONSIDERATIONS OF THE SNR 

The SNR in equations (6.9) and (6.11) is clearly proportional to the contrast 
or fractional change in transmission caused by the structure of interest. It 
should be emphasized that this contrast C is the recorded contrast. For large 
lesions C is unaffected by the blurring due to the finite source and the recorder 
resolution since this bluf ring merely rounds the edges of the lesion and does not 
change its central value. For smaller structures, however, the recorded contrast 
will definitely be affected. In these cases a specific definition must be assigned 
to C, relating to the shape of the recorded image. Hopefully, this definition will 
strongly relate to visualization by observers. 

For example, a planar object t(x, y) can be blurred due to a finite source 
size, providing an image as given in Chapter 4 of the form six/m y/m) ** 
tlxIM ylM). A small lesion can have its recorded contrast considerably altered 
by this convolution operation. It is interesting to note that this system has an 
optimum source size depending on the structure being visualized. A relatively 
■anil source provides the highest recorded contrast, but with relatively few 
photons. As the source size increases, for a given photon density, the number 
of photons increases but, in general, the contrast can decrease due to the con- 
volution operation. This, of course, is strongly dependent on the depth posi- 
tion of the lesion of interest. 



RECORDER STATISTICS 

Ideally the number of photons per picture element transmitted through the 
body completely determines the resultant SNR performance. This, however, is 
only true with an ideal recorder. Equation (6.11) thus represents the best pos- 
sible SNR for a given radiation. In practice, only a portion r\ of the x-ray 
photons are captured. Also, an additional noise source arises in the utilization 
of the captured photons to record the image. 

The recording process most frequently used in radiography and fluoroscopy 
is the scintillation screen. These screens use relatively high atomic number 
materials, such as calcium tungstate, where the x-ray photons are stopped 
primarily by the photoelectric effect. In this process an electron is raised from 
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the valence band to the conduction band. In its return to the valence band 
energy is radiated in the form of visible light photons. The number of light 
photons produced due to each captured x-ray photon is also a Poisson-distrib- 
uted random variable. The total number of light photons produced is given by 

Y = t < 612 > 

m= 1 

where Y is a random variable representing the total number of light photons 
produced, M is a random variable representing the number of captured x-ray 
photons, and X m is a random variable representing the gain or the number of 
light photons produced per x-ray photon. 

Our resultant SNR will be determined by the statistics of Y, the total 
light photons. We will study to what extent this SNR has been reduced com- 
pared to that of equation (6.1 1). We do not need to know the probability density 
distribution of Y [Feller, ,1957] since the SNR is completely determined by the 
mean and variance. Using probability theory, these are given by 

E(Y) = E(M)E(X) (6.13) 

and 

al = E(M)al + <r 2 M E 2 (X) ( 6 * 14 > 

where E represents the expected value and a 2 the variance. These equations 
are intuitively reasonable since the resultant mean would be expected to be the 
product of the individual means. The variance a 2 is due to the uncertainty of 
the number of captured x-ray photons and the uncertainty in the number of 
light photons produced per x-ray photon. Since each x-ray photon produces 
light photons having a variance a\, the total uncertainty due to light photons 
is E(M )a 2 x . Similarly, the variance in the number of captured x-ray photons a 2 M 
is subject to an average gain of E(X), so that this resultant component of the 
variance is weighted by E 2 (X). 

We can use these results to analyze the signal-to-noise ration of a radio- 
graphic screen to determine whether the uncertainty in the emission of light 
photons influences the overall performance. We let E(X), the mean value of 
the number of light photons produced from each captured x-ray photon, be 
g u representing the average gain. It should be emphasized that gj includes both 
the generation of light photons and their attenuation or transmission loss to the 
point where they are used. The number of light photons captured is often limited 
by collection angle or transmission through a material. As with the previous 
analysis, when a Poisson process is attenuated by one having a probability of 
transmission /?, the effective rate of the Poisson process is simply multiplied by 
/?. Thus g t is the product of the average number of light photons produced 
per x-ray photon multiplied by the probability of transmission to the point of 
use. Since X is Poisson distributed, g x is also the variance of X. E(M), the 
expected number of captured photons per picture element is, as before, rjN. 
Since M is also Poisson distributed, its variance is t?N. Substituting these into 
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equations (6.13) and (6.14), we obtain 

£(10-9** < 615) 

and = + < 616 > 

The resultant signal-to-noise ratio is given by 

_ N _ CE(Y) _ CjjN . (6.17) 

° f T£f£Z£'«* as .he radiographic scre.n-film combination a, 
in this process by W, where 

w=EZ. (618) 

»w V as before is the number of captured light photons and Z n is a random 

weobtam ,5==£(y)a? + *,W) 

= g,ftv w + (v^i + 9*fe?>** (6 ' l9) 

OVTO rgfiri CVffaV (6.21) 

SNR = -^T" ~ Vi + i/g. + Vsts* 

This representation can be generalized for q successive stages as 

If every product term, g,g 2 g 5 , . . . . h appreciably greater than unity the 
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stage does not significantly change the resultant signal-to-noise ratio. The final 
process, the film emulsion, is highly nonlinear and not subject to simple analysis. 
As a linearizing approximation, however, about 200 photons are required on 
the average for each developed silver grain in x-ray film; thus g 2 ~ 1/200. The 
g\gz pr oduct of 2.5 does result in about a 20% degradation of the performance 
since VI +2/5=1.2. 



FLUOROSCOPY 



In fluoroscopy [Ter-Pogossian, 1967; Christensen et al,. 1978] the image is 
displayed in real time rather than being recorded on film. This allows moving 
structures such as the heart to be visualized. It is also widely used for the inser- 
tion of catheters to monitor their position. In the early forms of fluoroscopy 
the radiologist directly observed the fluorescent screen as shown in Fig. 6.3. 
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FIG. 6.3 An early fluoroscopy system. 



This system has a significant noise problem due to a deteriorated light collection 
efficiency. Approximately 10" 5 of the light quanta produced at the screen 
actually appear at the retina of the eye because of the small solid angle inter- 
cepted by the pupil Q e and the losses within the eye. The capture efficiency of 
the eye r\ t is given by 

*< = T = 4l£ < 6 ' 23 > 

where T e is the light transmission to the retina, which is about 0.1, A is the 
pupil area and r is the distance of the eye from the screen. For the dark-adapted 
eye, A is about 0.5 cm 2 , corresponding to an 8-mm pupil. The closest reasonable 
viewing distance is about 20 cm, resulting in maximum value of tj e of about 
10~ 5 . Values of 10" 7 to 10" 8 are much more typical. For a typical screen the 
product of the screen gain of 10 3 and the retinal transfer of 10" 5 is about 10" 2 
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at best. This reduces the signal-to-noise ratio by 10. Stated in other words, the 
photon flux, or radiation, required to provide an image having a signal-to- 
noise ratio comparable to that recorded on film would require a 100-fold 
increase. As fluoroscopy was normally practiced, however, the radiologist con- 
tented himself with a poorer signal-to-noise ratio. He usually employed dark- 
adapted vision, which increased pupil size and thus maximized the collection 
efficiency of light photons. In the dark-adapted state, however, the visual accuity 
is considerably reduced since the density of rods in the retina is considerably 
less than that of the cones, which dominate vision at normal light levels. 

Thus early fluoroscopy was characterized by poor statistics and poor 
visual performance of the observer. It is the function of the image intensifier, 
our next topic, to both improve the statistics, in terms of available independent 
events per pixel, and to increase the brightness sufficiently so as to provide 
normal visual acuity. 

IMAGE INTENSIFIER 

Modern fluoroscopic systems [Ter-Pogossian, 1967; McLean and Schagen, 
1979] solve these problems through the use of the image intensifier, shown in 
Fig. 6.4. In these devices the light from the phosphor scintillator is amplified 
before being utilized by the eye. A photoemissive material is placed against the 
scintillating phosphor. These materials have quantum efficiencies of about 10%, 
so that one electron is emitted for about every 10 light photons. This provides 

OUTPUT 




FIG. 6.4 Diagram of an x-ray image intensifier tube and a photograph of 
a typical intensifier. (Courtesy of the Siemens AG-Bereich Medizinische 
Technik.) 
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a k gz product of the phosphor screen and photoemitter gains of about 100, 
which will leave the incident signal-to-noise ratio essentially undisturbed. The 
emitted electrons are focused by the various electrostatic lenses and magnets 
so as to reproduce the incident image with good fidelity on an output phosphor 
screen. These electrons are accelerated to an energy of about 25 key so as to 
produce about 10 3 visible photons per electron. The resultant intensified image 
can either be observed directly or through television or film cameras. If observed 
directly, the light loss to the retina of about 10"' results in an overall gain 
a gig, of about 1, so that the signal-to-noise ratio is slightly reduced. Figure 
6 5 illustrates the quantum values at different levels in the system. In a dose- 
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FIG. 6.5 Quantum values at different levels. 
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efficient system the minimum quantum levels, representing the product of the 
average gains, remain well above that of the absorbed x-ray photons. 

The demagnification of the input image to a smaller output image in Fig. 
6.4 does not affect the SNR, since it is based on events per picture element. 
This demagnification does, however, increase the brightness of the output 
image, which does affect the visual accuity of the observer. Increased brightness 
can ensure that the visual accuity will be dominated by the high-resolution 
cones rather than the rods. 

With many image intensifies the small image size precludes direct viewing 
so that additional devices are required. If optics are used to magnify the image, 
much of the image intensifier gain will be lost, thus providing either a noisy 
image or additional exposure. This problem can be alleviated by coupling the 
output of the image intensifier to a television camera tube. The optical system 
coupling the image intensifier output to the television camera is usually a lens. 
The photon collection efficiency of a lens rj Q is given by 

" 0== (mTW (6-24) 

where M is the magnification, / the ratio of image distance to lens diameter, 
and T the light transmission of the optics. This expression is essentially deter- 
mined by the solid angle intercepted by the optical system. Systems that couple 
the image intensifier output to a television camera have / numbers of about 
1.0, a magnification of about 1.0, and a transmission 7* of about 0.6, resulting 
in an f/ 0 of about 0.04. The quantum efficiency of the photoemitter of the 
television camera is about 10%. This represents the lowest point in the quantum 
amplification chain, since beyond this point there are a variety of amplification 
mechanisms. The gig 2 g3g 4 at this lowest point is given by 

(10 3 )(10" l )(0.04 X 10 3 )(0.1) = 4 X 10 2 

where g! is the gain of the scintillating phosphor in the image intensifier in 
light photons per x-ray photon, g 2 the efficiency of the photocathode in electrons 
per light photon, g 3 the gain of the output phosphor of the image intensifier 
with the loss in the optics in light photons per electron, and g A the quantum 
efficiency of the television camera photocathode in electrons per light photon. 
The result of 4 X 10 2 ensures that the signal-to-noise ratio of the system is 
essentially determined by the number of quanta emerging from the body and 
the quantum efficiency in capturing these photons. Fluoroscopy becomes an 
efficient process. The resolution through the many cascaded imaging structures 
is reduced over film radiography, although adequate for most studies. In addi- 
tion to resolution, the dynamic range is reduced considerably compared to pho- 
tographic film because of the television camera and the glare of the image 
intensifier. Figure 6.6 illustrates the quantum values at different levels in the 
system employing a television camera. 
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FIG. 6.6 Quantum values in a system employing a TV camera. 



ADDITIVE NOISE 



The additive electrical noise component in the output signal of the television 
camera limits the dynamic range and can represent the limiting noise component 
in regions of high photon transmission. Since this additive noise is independent 
of the Poisson noise due to the x-ray photons, the signal-to-noise ratio can be 
structured as 



(6.25) 
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where N is the average or background number of transmitted photons per 
element, N = N 0 exp (-J ptdz), C is the fractional variation of the region 
under study, and Nl is the variance of the additive noise component. Thus 
N ay the standard deviation of the additive noise, is being expressed, for con- 
venience, as a number of photons per element. 

In general, the additive noise N a will occupy a fraction k of the dynamic 
range or the average value of the signal. This is conveniently expressed as 

N a = krjN, (6.26) 

The SNR in equation (6.25) can be rewritten as 

SNR = tVtttW (6 - 27) 

In cases where k 2 rjN^ 1, corresponding to a high photon count and/or a 
relatively high additive noise fraction, the SNR reduces to C/k, the ratio of the 
fractional signal component to the additive noise. In this case further increases 
in radiation N 0 will not improve the performance, since it is being dominated 
by the additive noise of the system. In the other extreme, where k 2 ijN<^\ t 
the additive noise is negligible and the SNR returns to the dose-dependent 
case of CyJTfN. 



SNR OF THE LINE INTEGRAL 



We have thus far dealt solely with the signal and noise considerations of the 
transmitted photon intensity. This transmitted intensity is a nonlinear function 
of the line integral of the attenuation coefficient AT = N 0 exp (—J jidz). In more 
recent x-ray imaging systems employing digital processing and electronic dis- 
plays, the line integral g itself is calculated and displayed through a log operation 
as given by 

g = in N 0 - In N = j pdz (6.28) 

where the detector efficiency has been assumed unity. 
In this case our SNR is defined as 

SNR = ^ (6.29) 

where e is the fractional change in the average value of J fxdz caused by the 
region of interest and a 8 is the standard deviation. 

To evaluate the mean and standard deviation of the line integral g, we 
make use of the fact that g is a function of the random variable X [Papoulis, 
1965], which is known to be Poisson distributed. We expand the function g 
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in a Taylor series about N as given by 
g (X) = In N 0 - In X 

= gW + g'(N)(X - N) + gW tf "/) 2 + . . . + g<W*-*> w 

(6.30) 

where A' is a random variable representing the number of transmitted photons 
per element and N is its mean value. 
Using the general relationship 

£[g(X)] = \ g(X)p(X)dx (6.31) 

we can use the series to evaluate the various statistical averages of g. Inserting 
(6.30) into (6.31) and integrating, we obtain 

E[g(X)] = g(N) + £"(tf)y + . . . (6.32) 

where a 2 , as before, is the variance of the number of photons per element given 
by N. Evaluating the second derivative of the log, we obtain 

£[*(*)] = In ($)- h ^+.... (6.33) 

Since the number of counts per element exceeds 10 6 in most circumstances, 
the expected value of the line integral can simply be given by In (NJN), the 
same as our deterministic approximation of equation (6.28). 

For the variance of the line integral, a], we use equation (6.31) to evaluate 
E[g 2 (X)] as given by 

£[g z W] - g 2 (N) + [g\NY + g(N)g"(N)]o* + . . . . (6.34) 
Using the relationship from equation (2.49) yields 
*i = EW)] - E z lg(X)] 

^MW-^wJJ + ... 

~ 17 + termS of de S ree Jfz and higher 

(6.35) 

Thus the signal-to-noise ratio is given, from equation (6.29), by 

SNR = f In (6.36) 
or, including the detection efficiency, 

SNR==eln (w)^ 

= e(J ndz^JjjN. (6.37) 
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Two appropriate assumptions have been made in this derivation, which 
should be pointed out for completeness. First, to use the Taylor series expan- 
sion, we must assume that the probability of collecting zero counts is zero; 
otherwise, the log function blows up. This is clearly a reasonable assumption, 
given an average of > 10 6 . Second, the statistics of the number of incident 
photons per element, jV 0 , has been ignored. This is again reasonable since 
is generally a multiplicative factor of > 10 2 greater than N, so that its relative 
statistical variation can be neglected. Also, monitoring detectors are often used 
to measure N 0 , thus minimizing the effect of its fluctuations. 

The expression for e, the fractional change in the line integral, can be 
structured in terms of the contrast C, as given by 

Therefore, logarithmic processing of the image, to provide a display of the line 
integral of the attenuation coefficient, results in the same SNR as the direct 
intensity presentation as given by 

SNR = ^=g == c A /^. (6.39) 



SCATTER 



The most significant additive noise component is that of scatter [Ter-Pogossian, 
1967]. The attenuation mechanism that dominates radiography is Compton 
scattering. Depending on the energy used and the atomic number of the material, 
the attenuation mechanism is divided between absorption and scatter. In the 
soft-tissue regions, which occupy most of the body, scattering is the dominant 
mechanism. Unfortunately, many of the scattered photons reach the screen, 
representing additive noise. 

Scatter, as an additive noise component, has two deleterious effects, a loss 
of contrast and an increase in noise. The first is a deterministic phenomenon 
where the scatter produces an added intensity /, which adds to the transmitted 
intensity The resultant contrast C r due to a transmission contrast C is given by 

where (1 + /,//,)" 1 is the contrast reduction factor. This reduction is clearly 
evident in regions of low transmission where /, becomes comparable to /,. In 
addition to its deterministic effect, the scattered photons produce an additional 
noise component in the counting statistics. If N represents the transmitted 
photons per picture element and N t the scattered photons per picture element, 
their variances add in the detector because of independence. The resultant 
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signal-to-noise ratio becomes 

smp- CnN _ CjfjN 

JnN+t,N, VI + NJN (641) 
Scatter causes a serious deterioration of performance if nothing is done to 
reduce it. This scatter reduction process must somehow distinguish between the 
scattered and transmitted photons. One mechanism, as described in Chapter 3 
is to make use of the photon energy loss that takes place in the process of 
Compton scattering. Unfortunately this can only be used for the case of mono- 
energetic sources, since, with broadband sources, the transmitted and scattered 
Photons have overlapping energy spectra. This procedure of scatter elimination 
through spectral analysis is thus only used in nuclear medicine, where the 
isotope sources are monoenergetic and of sufficiently high initial energy to 
cause a significant energy loss. The other mechanism that distinguishes scatter 
is that of direction. Transmitted photons all appear to come from the source. 
Scattered photons can thus be minimized by collimating structures that are 
aimed at the source. These structures, known as grids, absorb many of the 
scattered photons because they arrive at angles other than that determined by 
the position of the source. They will be analyzed in some detail following the 
development of a model to analyze the amount of scatter. 



SCATTER ANALYSIS 

As illustrated in Fig. 6.7, the area under study is a cylinder of length L and 
radius R which is assumed to be homogeneous with an attenuation coefficient 
ol M . The incident x-rays are assumed to be parallel having a photon intensity 
of n 0 photons/cm*. Thus the intensity reaching the incremental section at plane 
z has a photon density given by n(z). The incremental density of scattered 
photons generated in this section is given by 

dn,(z) = n{z)n,dz = n 0 e-"'ji,dz (6.42) 
where fi, is the Compton scattering portion of the attenuation coefficient 

We now consider what fraction of the scattered photons will reach the 
detector. If the scatter were perfectly isotropic, half of the scattered photons 
would be in the direction of the detector and the other half toward the source 
In the diagnostic energy range there is a slight departure from isotropy, where 
he fraction k that is scattered in the forward direction [Klein and Nishima, 
1929] is approximated by 

* = 0.52 + °-^>. (6 43) 

Thus at a typical average photon energy of 40 kev, k — 0.55. 

If we assume that the collection angle at each point in the detector plane 
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is constant at H(z), the fraction of scattered photons F(z) that reach the detector 
is given by 

F(z) = ke -^-^ (6.44) 

where k is the fraction scattered forward, <r*< L -*> is the fraction transmitted 
through the material, and n(z)/2/r is the fraction subtended by the solid angle 
of the detector. If these scattered photons were the only ones produced, neglect- 
ing secondary scattering processes, the total scattered photon density at the 
detector, n'„ would be given by 



However, this analysis has neglected a variety of secondary processes. 
These include the scattered photons within the solid angle which have expe- 
rienced an additional scattering event but remain within the solid angle. The 
analysis has also neglected photons which were scattered outside the solid angle, 
which, as a result of a subsequent scattering event, are scattered back into the 
solid angle. We can summarize this process by a multiplicative buildup factor 
B providing a total scattering density at the detector n, given by 



We first evaluate Q(z) and its integral for the cylindrical geometry of Fig. 
6.7 and then evaluate the buildup factor B. Using r, 8 polar coordinates at the 




(6.45) 




(6.46) 
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FIG. 6.7 Model for scatter analysis. 



Scatter Analysis 93 



detector plane in Fig. 6.7, we have 

dCl = dA cos a - rdrdOjL - z) An . 
r 2 + (L — z) 2 - [r* + (L - z) 2 ]" 2 (6 47) 

where rf^4 cos a is the incremental area element in the plane of the section with 
a being the angle to the axis of the cylinder. Integrating, we obtain 



(•R fin 



2 + (L — z) 2 ] 3 ' 2 



= 2tc 



1 - 



The integral in equation (6.46) is then given by 

, f = L + R - VZTT^ (6.49) 

with the scattered photon density at the detector given by 

n, = Bn Q ke-« L tiAL + R- JL* + R>). (6.50) 
The multiplicative buildup factor B accounts for those scattered photons 
not collected after the first scattering. If they scatter again, the fraction col- 
lected can be structured exactly as the previous analysis— hence the multipli- 
cative nature of the factor. A simplified estimate of B would therefore be the 
estimated number of scattering events as a photon travels to the screen. We 
first calculate the mean distance in the z direction to a scattering interaction of 
an entering photon. The estimate of B is then the total depth L divided by this 
mean distance. 

Assume that a photon is moving toward the detector at an angle a to the 
cylindrical axis. The distribution function of a scattering interaction along its 
path or probability that the photon will reach a distance r before interacting 
is given by 

F(r) = 1 - (6.51) 

This corresponds to the probability that the photon will reach a distance 
z/cos a as given by the conditional distribution function 

F(,|«)=l-exp(^£). (6.52) 

Differentiating provides the probability density function, 

' (z|a) = 5fc ex P(^0- • ("3) 
The conditional mean in the z direction, given the angle a, becomes 

£(z|a) = j zp(z\a)dz 

= Jh-f~ z ex p (=&d)dz = £2** (6 54) 
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The mean or average distance to an interaction in the z direction is obtained 
by integrating the conditional expectation multiplied by the probability density 
of a. Since the scatter is isotropic, it has equal probability of appearing in any 
two-dimensional angular interval. This corresponds to p(a) = sin a, where a 
varies from 0 to 7i/2. The resultant mean distance is 

E(z) = ^ E(z\a)p((x)d(t 



=1 



72 cos <x • „ j„ 
sin « an. 

o . M. 

" I1 1 • o- v. 1 



-L s in2arfa = ;5 i r - (6.55) 
The average number of interactions along the entire length L is given by 

with the scattered photon density at the detector given by 

n, = n 0 e-» L tfL2k(L + R- JL* + R 2 ). (6.57) 
We can use this result to find the signal-to-noise ratio from (6.44) as 

given by 

SNR= ^ n f MLA L (W 

where A is again the area of a picture element. It is convenient to structure 

the SNR as 

SNR - C VW"* M (6.59) 
a/1 +V 

where y/ is the ratio of scattered-to-transmitted photon density at the detector as 
given by 

¥ = -Jh— = fiUlkiL + R- JV> + R 2 ). (6.60) 

Using typical values of a body "section where L = 20cm, R= 10 cm, 
with fi, = 0.2 cm" 1 , and k = 0.5, we have a y/ of approximately 6.1. 

This degree of scatter is clearly unacceptable. It would require a cor- 
responding increase of greater than 6 to 1 in radiation dose to restore the 
original SNR. In addition, the contrast, especially in areas of low transmission, 
is seriously deteriorated. It is therefore obvious that scatter reduction is required. 



SCATTER REDUCTION THROUGH SEPARATION 

Because of the many multiple scatter processes, the scattered photons emitted 
from the volume in Fig. 6.7 can be assumed to be approximately isotropic, 
covering a solid angle of In steradians. If the detector is separated from the 
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|^||t?by some distance s, the number of received scattered photons will be 
fl^cied .while those transmitted will be unaffected. The solid collecting angle 
;Q(s) between the detector and the emitted photons from the object has the 
^S|;fbnh as derived for Q(z) in equation (6.48) and is given by 



\ JR* + s 1 ) 



Therefore, the fraction of scattered photons collected by the screen is given by 
J^)^»- a P Iot of tnis collection factor versus s/R, the ratio of the separation 
HBftie object radius, is shown in Fig. 6.8. As can be seen, for separations com- 
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FIG. 6.8 Scatter collection fraction vs. separation/radius. 
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|fiarable to the object size, the scatter collection fraction is about 0.3, leaving 
gthe resultant scatter intensity larger than the transmitted intensity for the object 
.'previously considered. For relatively large separations, however, this reduction 
^factor becomes appreciable. However, at these larger separations, we experience 
^greduced resolution due to the finite source size as studied in Chapter 4. With 
•separation the SNR is given by 



SNR = Cjnnpe-^A 



(6.62) 




Equation (6.62) was derived with the assumption of a parallel beam. 
Although this assumption gives reasonably accurate results for the previous 
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analysis, it does give an optimistic result in the case of separation. In the case 
of a divergent beam, the detected photon density due to the transmitted signal 
photons will decrease due to the geometric considerations. The scatter, however, 
is unaffected by the beam divergence since it essentially represents an isotropic 
source. Thus the SNR is reduced from that shown in equation (6.62). 



SCATTER REDUCTION USING GRID STRUCTURES 



The scatter can be reduced, with a small loss of transmitted photons, by using 
a collimated structure which is parallel to the direction of the transmitted beam 
[Ter-Pogossian, 1967], As shown in Fig. 6.9, the grid consists of an array of 
thin absorptive strips which are parallel for the case of a collimated x-ray beam 
and are pointed toward the source for a diverging beam. The latter is called a 
focused grid since it is designed for a specific source to detector distance. 

COLLIMATED BEAM 



III- 




SCATTERED PHOTONS 



LEAD STRIPS 




DETECTOR 



DETECTOR 



FIG. 6.9 Scatter-reducing grids. 



Since the analysis is unduly complex using a focused grid, we will study 
the collimated grid and make the reasonably accurate assumption that the 
scatter-reduction performance will be essentially identical in both cases. In 
evaluating the performance of a grid structure, we calculate its transmission as 
a function of scatter angle in one dimension, T(9). The reduction factor R s 
of the scattered photons is then given by 



f 2 n s {e)T(0)dd 

rn/2 

\ *AO)dO 

J-n/2 



n Jo 



T(9)dd 



(6.63) 
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where n M (0) is assumed uniformly distributed over n radians and T(0) is even. 
The function of the grid structure is thus to provide as low as possible an 
integrated T(0) without unduly attenuating the desired transmitted photons. If 
7, is the grid efficiency for transmitted photons, the improvement in the ratio 
of transmitted to scattered photons at the detector is given by TfJR,. T(0) and 
R s are evaluated using Fig. 6.10. 




FIG. 6.10 Dimensions of grid strips. 

Scatter reduction is achieved by providing a relatively high transmission to 
the collimated desired photons, and a relatively low transmission to the iso- 
tropic scattered photons. 

We first subdivide T(0) into specific angular regions which have uniform 
properties. Within each angular region, at each 0, we use the fact that each ray 
has a uniform probability distribution of occupying each lateral position. We 
thus further subdivide each angular region into regions having different attenua- 
tion mechanisms and apportion each region uniformly. In those regions having 
attenuations which vary with ray translation, we integrate to find the mean 
attenuation. For example, for rays having angles to the normal 0 < 0 < 
tan" 1 the rays are either totally in the metal strip, partially in the metal 
strip, or unattenuated. T(0) is given by 

T(0) s ^ ttan V ^ (totally in metal) 
1h tan 0 1 phttnd 

+ — - — Ftairg J e ' MX/sm 0 dx (p artiall y in metal ) 

+ s-t-htonO x j (unattenuated) (6.64) 

where /i is the attenuation coefficient of the metal strip. The first term has 
the factor (/ — h tan 0)/s, indicating the fraction of the period s that the rays 
are totally in the length of the metal strip and experience the attenuation 
exp(-M/cos0). In the second term the duty cycle is (2hten0)/s, and the 
attenuation term is the integrated average over the different parts of the metal 
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strip traversed by the ray. The third term is the fraction of the duty cycle, at 
this angular range, over which the rays do not strike the metal strip, and thus 
are unattenuated. Collecting terms and performing the integration, we obtain 

T(0) = IX (t - h tan 0)e-» h/ ™>* + 2sing (l - e "^ /coafl ) 

0<*<Un-'<f/A) S L fit J 

4- s -t-htunO^- (6.65) 

Similarly, we find the transmission in the next angular region tan" 1 (t/h) < 0 < 
tan _1 [(j — t)/h], where the rays are either unattenuated, pass through the entire 
strip width, or pass through a part of the strip as given by 

a, = 3 ~ < ~ / ' tang * 1 (unattenuated) 



tan-» (t/h) <fi<t«a-' [(s-t)/h] 



+ h tang — t c - at/Ain6 /passing through entireX 
s Vstrip width / 



+ 



Yt\ e ~ MX/iin ° dx (partially in strip) 



s + t-hUnO i « /aine 



= Y\s — t — h tan 0 + (h tan 0 — t)e^ t/aln9 

+ - (6.66) 

In the next angular region rays either pass through the entire strip width or 
pass partially through a strip as given by 

^VSL^um = ~^e-^ (through entire strip width) 

(partially in strip) 

= M(h tan 0 - t) e -^ e + ( s + 1 ~ h tan g ) sin 9 
si s - /z tan 0 

This procedure is continued until T{0) becomes vanishingly small as the large- 
angle rays go through many metal strips and experience large attenuation. The 
resulting T(0) is then integrated to find the effectiveness of the grid. 

The calculations can be significantly simplified by igonring the finite width 
of the metal strips but considering their exact attenuation. Thus a ray passing 
through a lead strip of thickness / at 0 would have a transmission e-" t/abkB . 
However, because of the zero thickness approximation, we can ignore those 
rays that pass partially through the strip. We thus use a model of zero-thickness 
strips of height h and separation s whose attenuation behaves as if its thickness 
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In that 0356 We get either zero attenuation or the complete attenuation 
of one or more strips as given by 



jtang a- ft tang _ . /.v 
, * + g . O<0<tan-'(^) 



T(9) 



2s -h tan 8 ^, ft tang-, . 

tan-(i)<g< t an-.g) 



(6.68) 



3^-Atang ^^ + fttang-2, 

■g)<g<tan-(|). 



tan" 



Or, in general, 

T(0) = -L{[(„ + \) s _ h tan ^-^/ 8 io ff + ( h ^ g _ 

tan-.(-)<g< tan -.[(L+i>J (6 . 69) 
where « is an integer that takes on values from zero to infinity 

give/ov tZ-T^v dency * f ° r u the dimensions shown in Fi S" 61 ° * 

given by T(0) - (, _ assuming that the rays are completely stooned hv 

zz^t the ,; ength ° f a strip - often ' ™« ™«s 

Sistr b y 6 mCtal StriPS StrUCtUral ™~ *~ 



(6.70) 

where u, is the attenuation coefficient of the filler material. Normally, relatively 
ow atomic number materials such as plastics and aluminum are used as ffiS 
to m.nmnze the attenuation. Except for the use of filler materials in theory 
the lead stops could be made arbitrarily high for increased scatter Vtution* 
no loss ,n transrmss.on efficiency. When filler materials are used, T^mod! 

The SNR using a scatter reducing grid is given by 

(6.71) 



SNR = 



n a e~" L A 

where, as before, tj is the quantum efficiency of the detector « k th* ,n™ m ;„ 
Photon density ^ is the transmission of L boS A th ° r aoVa S 
element, ,s the ratio of scattered to transmitted photons at the detecto and 
R, .s the fracnon of the scattered photons passed by the grid 

Using equation (6.69), we can calculate the performance of some tvoical 
grid structures. The curves of T(9) are shown in Fig. 6.1 1. 1„ generaUhe va'u" 
of ft/fj* the rat,o of scattered to transmitted photons folfowing the 
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FIG. 6.11 Scatter transmission vs. angle for two typical grid structures 
using lead, where m = 60 cm" 1 . Grid (a): s = 0.3 mm, h = 2.0 mm, and 
t = 0.05 mm, resulting in R s = 0.106. Grid (b) has the same parameters 
except that h = 4.0 mm, resulting in R s — 0.034. 
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of the order of unity. This can, of course, be considerably more in a region of 
high attenuation, such as in the path of a large bone, where the transmitted 
photons are reduced and the scattered photons from the volume are relatively 
unaffected. 

Although the grids provide reasonable performance, there are clearly many 
clinical situations where they are inadequate and the remaining scatter con- 
tinues to limit visualization. Significant research is under way on a variety of 
improved scatter-reducing mechanisms. 

One approach is the sequential irradiation of the body with translated 
slits [Sorenson and Nelson, 1976] as illustrated in Fig. 6.12. Here two translated 

X-RAY 
SOURCE 




MOVING SLITS 



DETECTOR 

FIG. 6.12 Scatter reducing, using translated slits. 

slits allow only a sheet beam to pass through the body at any one time. The 
slit collimators on either side of the body must be translated at different speeds 
to ensure that the transmitted beam is not intercepted. Most of the scattered 
photons will fail to reach the detector, as shown. Although these systems have 
performed well, they do have the practical difficulty of requiring increased 
average power output from the x-ray tube. Multiple-slit systems mediate this 
problem. Other configurations using rotating slits have also been studied because 
of the more convenient geometry. 



LINEAR DETECTOR ARRAYS 

Another version of Fig. 6.12 is the use of a one-line detector array in place of 
the second slit. This linear array follows the translating sheet beam, achieving 
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the desired scatter reduction since the only sensitive area is the line itself. This 
one-line array has a number of added desirable features since it can be made 
using high-quantum-efficiency electronic detectors using individual scintillators 
and photodetectors. Thus not only does r\ approach unity, but the resultant 
signal is sufficiently high to override any subsequent electronic noise. The 
effects of neglible scatter, high efficiency, and the lack of subsequent noise 
processes provide a signal-to-noise ratio determined almost solely by the trans- 
mitted photons as given by 

SNR - C^/OART (6.72) 
which essentially approaches the ultimate that is achievable. These linear arrays 
are used in conjunction with the computerized tomography scanners where they 
provide both cross-sectional and projection images. In this context the output 
signals are digitized to facilitate processing by digital computers and subsequent 
storage and display. * 



PROBLEMS 

6.1 (a) Neglecting scatter and assuming that 7=1, find the SNR for imaging 
the thicker region where nt < 1 (Fig. P6.1). 



/V 0 PHOTONS PER ELEMENT 



FIG. P6.1 

(b) Assuming that the energy dependence of p is given by = Ae~ BZ 
find the energy that maximizes the SNR. " " ' 

6.2 An x-ray transparency t = a + b cos 2nf Q x at a depth z is imaged using an 
rectangular source having an intensity of n photons per unit area 
a distance d from the recorder. Find the signal-to-noise ratio of the resul- 
tant image, which is defined as the ratio of the peak amplitude of the sinusoid 
to the standard deviation of the average value. The area of each pixel A 
has a negligible effect on the ability to resolve the sinusoidal image 
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6.3 A circular disk x-ray source of radius r, emits n photons/unit area during 
the exposure time (Fig. P6.3). A cylindrical lesion of thickness t, radius r 2> 
and attenuation coefficient fi 2 is within a slab of thickness L where L > t. 
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FIG. P6.3 

(a) Neglecting obliquity factors calculate the signal-to-noise ratio using a 
recorder having an efficiency tj and a resolution element of area A. The 
size of the signal is defined as the background minus the value at the center 
of the lesion image. 

(b) At what ratio of r, to r 2 is the signal-to-noise ratio a maximum? 

6.4 The cross section of an object is shown in Fig. P6.4, where the desired 
information is represented by the small structure of width w. 

(a) Calculate the SNR of the x-ray photons emerging from the object 
where the size of a resolution element is A cm 2 . 

(b) Calculate the SNR of the recording where the phosphor screen has a 
capture efficiency of tj and produces L light photons per x-ray photon, and 



n 0 PHOTONS/cm 2 









i 








^2 












w 











< 







PHOSPHOR SCREEN 
RECORDER 



p 2 w « 1 



FIG. P6.4 
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R events per light photon are recorded. Due to critical-angle considera- 
tions, the recorder receives emitted light photons only over a solid angle Q. 

6.5 Equation (6.60) provides y/ t the ratio of scattered to transmitted photons 
for the cylindrical geometry of Fig. 6.7. Calculate y/ for an object having a 
square cross section W x W with the same length L. You can leave your 
answer in integral form. 

6.6 A circular source of radius r t emits n 0 photons per unit area (Fig. P6.6). 
A planar object of radius R has a transmission / with an opaque center of 
radius r Q . The image signal is defined as the difference in photons per 
pixel, with a pixel area A, between the background and the center of the 
image of the opaque disk at the center. Ignore all obliquity considerations 
and assume that r\ = 1 . 




FIG. P6.6 



(a) Find the value of r s that provides the maximum SNR with the object 
at some specific plane z„. 

(b) Using this value of r s , find the SNR versus depth z. 

(c) Assuming that the planar object produces p isotropically scattered 
photons per incident photon, find the SNR versus depth z. 

6.7 (a) Calculate the SNR of the lesion image (Fig. P6.7) assuming that the 
Compton scatter component of ji Q is /x s . The difference in scatter due to 
the lesion can be neglected. The detector has a capture efficiency of r\ and 
a resolvable element area of A. 

(b) Calculate the modified SNR using a grid structure having a transmission 
T(d) placed against the detector plane. The separation s is eliminated in 
this case with the detector against the object. 
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FIG. P6.7 

t 

6.8 A sinusoidally modulated x-ray image is recorded by a one-sided screen- 
film system as shown in Fig. P6.8. Find the recorded SNR where the signal 
is defined as the peak of the sinusoid and the noise as the standard deviation 
of the average background. On the average the screen produces / light 
photons per x-ray photon, t of which are transmitted to the emulsion, 
where r of the events are recorded. The pixel area is A, which is assumed 
to have a negligible effect on the resolution. 
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FIG. P6.8 

6.9 In the analysis of the scatter-reducing grid, the radiation from a point 
x-ray source was approximated as a parallel beam entering a parallel grid 
with a transmission efficiency r\ t = T(0) a ( s — t)/s. Calculate r\ t for a 
uniformly emitting W x W source a distance d from the detector. The 
grid has a height h, period s, thickness t, and attenuation coefficient fi. 
Assume Wjd < tjh. The angles involved are sufficiently small such that 
9 ^ sin 6 ^ tan 6 and cos 0 ~ 1. 
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Tomography 



~ In this chapter we consider systems that provide important "tomographic" or 
three-dimensional capability. "The tomogram is effectively an image of a slice 
taken through a three-dimensional volume. Ideally, it is free of the effects of 
intervening structures, thus providing a distinct improvement in the ability to 
visualize structures of interest. 

In single-projection radiography the resultant image is the superposition 
of all the planes normal to the direction of propagation. In essence the system 
has infinite depth of focus, although, as was shown in Chapter 4, the finite 

— source size causes planes closer to the recorder to have better resolution. 
Ignoring this effect and assuming parallel rays, the recorded image is given by 

h(x, y) = /„ exp [- J fi(x 9 y, z)dz\ (7. 1) 

This integration over z often prevents a suitable diagnosis of the characteristics 
of a section at a given depth plane. Since all other planes are superimposed, the 
subtle contrast variations of the desired plane are often obscured. This is 
particularly true in studies of lung lesions where the superimposed rib structures 
obscure the visualization. 
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MOTION TOMOGRAPHY 



Until very recently the only method of isolating a view of a single plane was 
motion tomography [Meredith and Massey, 1977], as shown in Fig. 7.1. The* 
source and the recorder are moved in opposite directions. As shown, one plane 
in the object remains in focus while all others have their images blurred. The 
nature and degree of the deblurring is determined by the distance of each plane 
from the focused plane and by the extent and type of motion of the source 
and film. These systems are often classified by the type of motion undertaken, 
such as linear, circular, and hypercycloidal tomography. The mechanisms that 
accomplish these motions are quite elaborate since they must be both accurate 
and rapid, so that the motions can be completed in a few-second breath-holding 
interval. 



In general, the source undergoes a specific motion in a plane parallel to 
the recorder plane. The path as a function of time can be characterized as 
g(x, y> 0- The path, in general, is a two-dimensional delta line function which 
defines the motion of the source. From this motion and the corresponding 
motion of the film, we can calculate the resultant impulse response. 

Using the source motion of g(x 9 y 9 i) 9 we immediately see that the resultant 
path on a stationary film using a pinhole transparency is g(x/m 9 y/m 9 r)by straight- 
forward geometry. Thus the path due to source motion experiences the same 
magnification, m — —(d— z)/z 9 as did the source image in Chapter 4. As indi- 
cated, to provide a tomographic plane, the film is moved in a scaled version 
of the source motion. Whenever the source is displaced from the axis at a point 
(x, y), the film center is positioned at — kx, — ky, where A: is a positive num- 
ber representing the scaling of the film motion. Thus the center of the film 
traverses a path g(x/—k, y/—k, t). 

As the film moves, the resultant path of a beam on the film moves in the 
opposite direction with respect to film coordinates. Thus the resultant path 
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FIG. 7.1 Motion tomography. 
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incident on the film due to the two motions is the impulse response, which 
is given by 

where (k + m) is the total magnification due to both motions and B is a nor- 
malizing constant that will be subsequently evaluated. The integrated impulse 
response is therefore 

- * J* ffeqfo ikfwy ') ««> 

where f(x,y) is the integrated path traversed by the source as given by 

' ' Kx,y) = \g(x y y J t)d(vt) (7.4) 

where v is the source velocity in the direction of motion. The resultant recorded 
path, as given above, is 

ft x * , y* V 

J \k + m k + m) 

This impulse response, because of the geometry, is independent of the 
lateral coordinates of the object and can thus be placed in convolutional form 
for each depth plane z. The resultant image due to a transparency / at plane 
z is given by 

h(x di y d ) = t**h 

= HtT^Tf^ < 7 - 5 > 

In evaluating the normalizing constant B, we use similar reasoning to 
that employed in Chapter 4. We assume that the total number of photons used 
during the exposure is N. If the source is translated uniformly, the number of 
photons emitted per unit distance during the exposure is N/L, where L is the 
line integral of the path /(x, v) as given by 

L = j$f(x,y)dxdy. (7.6) 

Although this is a two-dimensional integration, it represents a line integral 
since /(*, y) is a delta line function. Thus the constant B, representing the 
intensity per unit distance at the detector plane, is given by 

B = ta Ij?y — ^ cos3 8 = rnrt m ( 7 - 7 > 

L4nd 2 (k + m) 1 L(k + m) 1 

where /, is the incident intensity as defined in (4.2), (4.4), and (4.5), and K is 
proportional to the energy per photon. Ignoring obliquity factors we can set 
/, = 7 0 , the intensity at the axis, which assumes that cos 3 9 ^ 1. The resultant 
detected intensity becomes 
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The most widely used form of motion tomography is linear tomography, 
where the source and film are both moved uniformly in straight lines in opposite 
directions. The source motion is described by 

g(x 9 y, t) « S(x - vt)5(y) rect (*) (7.9) 

where v is the velocity of the source in the x direction and X is the extent of the 
traverse. The resultant source path is given by 

/(*, y) = J g(x, 7, 0**) = rect (£)*0» (7.10) 

indicating a line of length * in the x direction. The resultant detected image 
from (7.8) becomes 

/^J i ) = 4,g)^ 5 ^rect[ 5 ^]^). (7.11) 

The 8(y d ) in the expression above could be eliminated by defining the convolu- 
tion as being one-dimensional in the x direction only. Thus each point at plane 
z is smeared into a horizontal line of length X(k + m). At the desired plane 
z 0 we have 

k = —m = ^— £a (7.12) 

where the rect function becomes a narrow delta function and reproduces the 
transparency in its original form. The plane of interest is at the depth z 0 = 
d/(k + 1). A chest tomogram using linear motion is shown in Fig. 7.2. Note 
the defocusing of the ribs and spine. 

In the frequency domain the Fourier transform of / is multiplied by the 
Fourier transform of the point-spread function h. For the case shown above, 
we have 

- I d (u, v) - I Q M 2 T(Mu, Mv) sine [X(k + m)u]. (7. 1 3) 

Thus, in the u direction, a plane at z is multiplied by a low-pass filter having 
an effective bandwidth of approximately [X(k + m)]'K At the desired plane 
z = r 0 , this becomes an infinite-bandwidth filter and does not affect the fre- 
quency response I d (u, v). All other planes experience various degrees of filtering. 

When using a finite source rather than a point source, the total impulse 
response is the convolution of the motion path function and source size as 
given by 

^^^^^'^^zd^^Ft^^)- (7 - 14) 
Thus at the tomographic plane z = z 0 where m = —k and /becomes a delta 
function, the resolution continues to be limited by the source size. The expres- 
sion in (7.14) reduces to that of the point source as given by (7.5) and (7.7) if 
we substitute s(x, y) = KNS(x, y). 
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FIG. 7.2 Chest tomograph, using linear motion of source of detector. 



Circular Motion 

As was indicated, many other motions can be used other than the linear 
motion described. The linear motion has the disadvantage that planes other 
than the desired tomographic plane experience blurring in one dimension only. 
Thus edges parallel to the x axis receive no blurring at all. Structures of this 
type in any plane will remain sharply denned and can interfere with the visua- 
lization of structures in the desired plane. The alternative is the use of two- 
dimensional motions such as circles, hypercycloids, and so on. A circular motion 
can be described using the polar coordinate equivalent of the delta function 
where 

5(x -x B ,y- y 0 ) = *L^W - 8 0 ). (7.15) 
The circular motion is described by 

g(x,y, 0 = g{r, 6, ,) = %^Jj)5(e - co.) rect (g) (7.16) 
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representing a single circular traverse. The resultant source path is described as 

fix, y) - J - cot) rect 

= <5(r-r„)rect(| i )= < 5(r-r 0 ). (7-17) 

The film center also moves in a circle at the opposite side of the axis haying 
a radius kr 0 . When the source is at r 0 , 0, the film center is at kr 0 , 6 0 + n. The 
resultant impulse response from (7.3) and (7.7) is given by 

Kx.y^K^^^Xr-ik + nOr.l (7.18) 

Motion tomography has two basic disadvantages. First, for each tomo- 
graphic plane, the entire volume of interest is exposed by x-rays. If a number 
of sections are desired, as <is usually the case, the radiation can be extens.ve. 
Second, in motion tomography, the detail contrast in the plane of interest is 
not improved over a conventional radiograph. All planes other than the plane 
of interest are blurred or smeared out, leaving the desired plane as the only 
one with any detailed structure. Thus the sharp details of the interfering struc- 
tures in other planes are removed, which significantly improves the visualization 
even though the detail contrast in the desired plane is unchanged. 

Multiple-Radiograph Tomography; Tomosynthesis 

The second of the disadvantages, the detail contrast being the same as that 
of conventional radiography, is fundamental to motion tomography. The first 
of the disadvantages, however, can be remedied by a system shown m Fig. 
7 3 known as tomosynthesis [Grant, 1972], where the desired plane is selected 
after the x-ray procedure. Here a sequence of different radiographs are taken 
with the source in different positions and the subject and film in the same posi- 

*j X y — ^SOURCE POSITIONS 




VIEWED 
TRANSLATED 
RADIOGRAPHS 



SUBJECT 



SCREEN-FILM CASSETTE 



FIG. 7.3 Sequence of radiographs used to create a tomogram. 
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tion. The resultant films are stacked together and translated with respect to 
each other to select the desired plane. Assuming that the resultant composite 
image is the sum of the individual detected images, the path function /(x, y) is 
a sum of point-source positions given by 

f(x,y) = S(y) "£ JKx-iX) (7-19) 

where n is the number of source positions and X is the separation between 
source positions. The value of k, representing the translation of the individual 
radiographs, is determined after the x-ray exposures are made, where each 
transparency is separated from its neighbor by kX. The resultant effective 
detected' intensity for a given plane t(x, y) using (7.8) is given by 

= *»>T $J [X < - «* + m)Xl (7,20) 

The line integral L becomes n, the sum of the source positions, and the (fc + m) 1 
normalization in the denominator is canceled by the factors in the delta func- 
tions. It is clear that k is readily chosen to select the desired plane of interest. 
Since each film is given approximately l/n of the exposure normally required, 
the system requires no increase in radiation dose for the ability to select planes 
after the exposure. The system requires a relatively rapid film changer so that 
the n exposures can be accomplished in a breath-holding interval of a few 
seconds. The out-of-focus planes are smeared by a series of points that approach 
a line Using an appropriate mechanical structure the separation of the radio- 
graphs can be continuously varied with the plane of focus continuously moving 
through the object. Alternatively, the information can be collected and stored 
electronically, using television fluoroscopy, with the translation and sum- 
mation taking place in a computer. 



CODED SOURCE TOMOGRAPHY 

Another approach to tomography is the use of a relatively large complex source 
s(x, y). The recorded image, as studied in Chapter 4, is given by 

<^>- '(§•&)• 

This recording can be considered the encoded image I c . This encoded image is 
not useful of itself because of the complex source function. 

The desired image, at any plane of interest, is decoded by cross correlation 
with s(xlm x ,ylm x ), the source function at a particular plane r, where m, - 
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_ z,)/^!. The decoded image is given by 

The source function s(;t, y) is chosen to have a sharp autocorrelation peak, 
approaching a two-dimensional delta function. Thus at z = z„ will faithfully 
reproduce the plane t(xjM u ylM x ) where M x = rf/^. For z * z u the cross- 
correlation function will become broad, thus blurring all other planes. Some 
representative functions for s(x, y) are a random array of points or a Fresnel 
zone plate. The considerations are similar to those of coded apertures in Chapter 
8. 

The decoding can be accomplished in a digital computer. For a given 
encoded image I c (x, y), any desired plane can be chosen by using the appro- 
priate cross-correlation function s(xjm u ylm,). The basic difficulty with this 
system is that s(x, y) is fundamentally a nonnegative function. It thus has 
limited capability for providing the desired autocorrelation peak. At best, the 
autocorrelation will have a peak riding on a large plateau. This plateau effec- 
tively represents an integration over a large portion of the image. This can 
distort the low-frequency response and result in poor noise performance. As a 
result, this approach has not been used commercially. 



COMPUTERIZED TOMOGRAPHY 

Motion tomography, at best, represents a limited ability to isolate a specific 
plane. In general the contrast of the plane of interest is unchanged over that 
of a projection radiograph. If a lesion in the plane results in a 1 % difference 
in recorded intensity in a conventional radiograph, it will continue to be 1 % 
different in the motion tomogram. The out-of-focus planes, however, will 
be blurred. 

In 1973 a revolutionary concept in tomography, known as computerized 
axial tomography, was introduced by EMI Ltd. of England. This system pro- 
vides an isolated image of a section within a volume completely eliminating 
all other planes [Herman, 1980; Gordon, 1975; Ledley, 1976; Scudder, 1978; 
Brooks and DiChiro, 1976a; Cho, 1974]. Thus the contrast of the image is 
not diminished by intervening structures. Thus far, computerized tomography 
has been extremely successful in clinical use. Lesions and organs that were 
heretofore impossible to visualize are seen with remarkable clarity. 

The basic system is shown in Fig. 7.4. An x-ray source is collimated into , 
a narrow beam and scanned through the plane of interest. The transmitted 
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FIG. 7.4 Basic scanning system for computerized tomography. (Courtesy 
of the Siemens AG-Bereich Medizinische Technik.) 

photons are detected by a scanning detector at each position of the scan. This 
same procedure is repeated at approximately 1° intervals for 180° so that a set 
of projections are obtained at approximately all angles. The resultant projec- 
tion data are applied to a digital computer where an accurate two-dimensional 
image is reconstructed, representing the linear attenuation coefficient in the 
section of interest. The mathematics involved in the image reconstruction from 
projection data will be described. 

This approach overcomes essentially all of the shortcomings of motion 
tomography. Only the section of interest is irradiated. Using carefully cali- 
brated detectors, and limited only by the Poisson statistics of the number of 
counts per measurement, this technique has provided almost uncanny visua- 
lization of structures that were previously invisible. Radiologists have been 
able to perceive lesions whose attenuation coefficient differed by less than 
0.5% from the surrounding tissue. Thus, in a noninvasive fashion, an accurate 
diagnosis is obtained. 



RECONSTRUCTION MATHEMATICS- 
ITERATIVE APPROACHES 

The mathematics involved is a relatively old, but seldom used, field of study 
involving the reconstruction of a two-dimensional distribution from its pro- 
jections. The most straightforward, although computationally inefficient solution 
involves linear algebra. The two-dimensional image is reconstructed using a 
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matrix inversion of the projection data. For images of reasonable complexity, 
this is quite formidable. One general class of solutions involves an iterative 
procedure. This is an attempt to find a two-dimensional distribution that 
matches all of the projections. An initial distribution is assumed and it is 
compared with the measured projections. Using one of a variety of iterative 
algorithms, the initial distribution is successively modified. This method is 
known as the Algebraic Reconstruction Technique, or ART [Herman, 1980; 
Brooks and DiChiro, 1976a]. 

The ART system, illustrated in Fig. 7.5, is based on the very general 
premise that the resultant reconstruction should match the measured projec- 
tions. The iterative process is started with all reconstruction elements /, set to 
a constant such as the mean /or zero. In each iteration the difference between 
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FIG. 7.5 ART system. 



the measured data for a projection g, and the sum of the reconstructed elements 
along that ray EfLi/„ is calculated. Here/,, represents an element along the 
yth line forming the projection ray g r This difference is then evenly divided 
among the N reconstruction elements. The iterative algorithm is defined as 

NT* fq 

fff l =f1j + g, ~£ l " < 7 - 22 > 

where the superscript q indicates the iteration. The algorithm recursively relates 
the values of the elements to those of the previous iteration. 

As an illustration of the ART process we use a simple 2x2 matrix of 
values and the associated measured projections. 
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All six projection measurements, including the two verticals, two horizontals, 
and two diagonals, have been made. Presumably, these projection measure- 
ments are all that is available and, from these, the matrix of elements shown 
must be reconstructed. We begin the process arbitrarily by setting all values 
to zero, calculating the resultant projections, and comparing them to the mea- 
sured projections. The differences are calculated, divided by the two elements 
per line, and added to each element. 
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7-10 



f\ -6.5 + ^-2 



= 5; /i = 5.5 + 



13 - 10 



13 - 10 



= 6; fl = 3.5 + 



7-10 



= 7 



= 2 



Thus the original elements are reconstructed. In general, for larger formats 

Leen the measured and calculated projections is adequately small. 

A numbTr of variations on this general theme have been proposed. One 

-M^rt^matSn makes use of the known nonnegativity of the density 
Sonlmear fonnulation maKes M 

^ues /„. Thus where ^< 0 ious original algorit hm, 

own as rnulnp ^eA R^ » ompar * o P ^ 

jTSiSS by^raK measured line integral * to the calculated 
sum of the reconstructed elements. This is given by 
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(7.23) 
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Srect reconstruction methods- 

FOURIER TRANSFORM APPROACH 

Irect reconstruction methods are based on the ™«*\^°^™™^t 
^illustrated with the aid of Fig. 7.6. As shown, a s.ngk jp ojecUo Ml taken 
tlx direction, for convenience, forming a projection «C) g^en by 

(7.24) 



Jfe projection represents an array of line integrals in the x direction^ For 
imonstrating the central section theorem we use the two-d.mens.onal Founer 
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f(x,y) 



FIG. 7.6 Illustration of the central section theorem. 
t 

transform of the distribution fix, y) as given by 

F(u, v) = y) exp [-i2n(ux + vy)]dxdy. 

Along the w = 0 line this transform becomes 

F(0, v) = J J /(x, y) exp {-ilitvy)dxdy 
=-.^f(x,y)d x y il ^dy 

= ff.tgGO} (7 - 26) 

where SF,{-} represents a one-dimensional Fourier transform. Thus, as shown 
in Fig. 7.7, the dashed u = 0 line in v) is given by the Fourier transform 
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FIG. 7.7 Fourier domain illustration of the central section theorem. 

of the projection of f(x,y) in the x direction. Since the transform of each 
projection forms a radial line in F(u, v), we can fill F(u, v) by taking projections 
at many angles and talcing their transforms. Once filled F(u, v) is inverse trans- 
formed to reconstruct the desired density f(x, y). This process can be studied 
in more detail using Fig. 7.8. Using a two-dimensional distribution /(x, y), an 
array of line integrals are measured, each being a distance R from the origin 
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FIG. 7.8 Projection of a two-dimensional function, 
where the perpendicular to the line is at an angle 0. This forms a projection 
given by 

g^R) = JJ/(jc, y)5(x cos 0 + j> sin 9 - R)dxdy 

= f f"/fr. W C0S Jl J wW * ( 7 ' 27 > 

Jo Jo 

where g„(R) is the projection information in the 9 direction. The integration 
takes place along line x cos 9 + y sin 9 = R or, in polar coordinates r, </> 
r cos (6 -</>) = R- The delta line S(x cos6 + y sin 9 - R) sifts out the desired 
line in /(*,>>) to provide an effective line integration. The symbol ge (R) could 
alternatively have been written g(R, 9) since it is a two-dimensional function 
of the various projection angles 9 and the distances R along each projection. 
However, the symbol g e (R) indicates a series of one-dimensional measurements 
at different distances R taken at a particular angle 9. 

To provide a general derivation, the Fourier transform of the two-dimen- 
sional function f(x, y) is given by 

F(u, v) = || f{x, y)e-™"*^dxdy. (7.28) 



120 Tomography 



Expressing this in polar coordinates F(w, v) = F(p y p), where u = p cos fi and 
v = p sin /? gives 

^(/>> 0) = |J/(x,^)e^ ,2 ^ C0 '^ SIn 'Wxrfy. (7.29) 

The general central section theorem is shown by again mainpulating the two- 
dimensional Fourier transform to include the projection expression as given by 

Hp* P) = J/J y)S(x cosfi + y sin fi - R) exp (~i2npR)dxdydR. (7.30) 

This expression clearly reduces to the basic Fourier transform relationship 
of equation (7.28) by integrating over R. By isolating the expression for the 
projection from equation (7.27), the Fourier transform of the image f(x, y) can 
be rewritten as 

t 

Hp, P) = \ g P (R) exp {-ilnpR)dR (7.31) 

Therefore, 

F(P, P) = *dgM)l 

Thus the Fourier transform of a projection at angle ft, as defined in Fig. 7.8, 
forms a line in the two-dimensional Fourier plane at this same angle. Since 
the projection angle 0 and the resultant polar angle in the Fourier transform 
plane are identical, we can use the same symbol 9 for both. The transform 
of a projection in the transform plane, F(p, 0), is shown in Fig. 7.9. After filling 
the entire F(p 9 0) plane with the transforms of the projections at all angles, the 
reconstructed density is provided by the two-dimensional inverse transform as 

f(x 9 y) = J J F(u, v) exp [i2n(ux + vy)]dudv 




d0 F(p, 0) exp [i2np(x cos 9 + y sin 0)]pdp. (7.32) 



FOURIER TRANSFORM OF 
PROJECTION AT 6 



FIG. 7.9 Two-dimensional Fourier transform plane of distribution. 
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Figure 7.10 provides some physical insight into the central section theorem. 
In the top figure is a projection of a two-dimensional distribution /(a:, y). Using 
Fourier transform techniques f(x, y) can be decomposed into an array of two- 
dimensional sinusoids. Two of the sinusoids are illustrated. In the center figure 
a projection is taken of a two-dimensional sinusoid. Since each ray experiences 



* R 




FIG. 7.10 Projections of sinusoidal components of a two-dimensional 
distribution. 
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frequencies at a specific angle. 

EXAMPLES USING FOURIER TRANSFORM 
APPROACH 

example the measured projections at all angles are grven by 

gfl («) = 2sinc2«. V Ji > 
The two-dimensional Fourier transform at each angle 9 is given by 

= = ^2")' (? ' 34) 

u „ in th« eauation is a one-dimensional variable along the 6 direction 

F(p,e) = F(p) = c\K P , i '.•■»> 

■ r >■ ;o o "niiihnx" with unity radius and unity height as 

this function as given by 

This "jino" function, na m eo for i,s sin*ri,y .0 the sine 

" feus - - ■ — 

soidal projection ge{R) = cosn R. CW> 

As before, on each line in the transform, such as the . axis, we obtain 

F(u)= tfjKu - i) + S(u + i)]. 
Summing this pair of delta functions over 180°, we obtain 
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representing a cylindrical shell in the frequency domain. The density is again 
given by the inverse transform. Using the Fourier-Bessel transform yields 

/W = 2 * J o F(p)pJ 0 (2nrp)dp = ^-J 0 (nr). (7.39) 

Again we reach the unanticipated result that the projection of a /„(•) function 
the zeroth-order Bessel function of the first kind, is a cosine function. 



ALTERNATIVE DIRECT RECONSTRUCTION- 
BACK PROJECTION 

The computational problem with the central section theorem method shown 
is that a two-dimensional inverse transform is required. For computerized 
tomography this involves various interpolations and coordinate transformations 
We now consider alternative reconstruction systems based on the same general 
principles but having distinct computational advantages. To do this we first 
introduce the concept of back projection [Gordon, 1975]. 

In back projection the measurements obtained at each projection are 
projected back along the same line, assigning the measured value at eacfi> 
point in the line. Thus the measured values are "smeared" across the unknown 
density function as if a line of wet ink, containing the measured projection 
values, is drawn across the reconstructed density function. This is shown in 
Fig. 7.11 for the case of an object consisting of a single point on the origin 
Each projection is identical. Intuitively, we know, from each individual pro- 
jection measurement, that a point of density lies somewhere along the line of 




FIG. 7.11 Projections of a point at the origin back projected. 
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integration. It is thus reasonable, as an initial attempt at reconstruction, to 
assign the measured value along the entire line. We are essentially stating that 
we know that the point of density is somewhere along the line so that a "crude" 
reconstruction will result if we assign the measured value along the entire line. 

Mathematically, the back projection of a single measured projection 
along the unknown density is given by 

b*(x, y) = | g*(R)5(x cosd + y sin 6 - R)dR (7.40) 

where b e (x, y) is the back-projected density due to the projection g e (R) at angle 
0. Adding up these densities at all angles, we obtain 

f b (x,y)=\ K blx 9 y)dO 

Jo 

= T de r ^ K)8 ^ x cos6 + y sin 9 - R ) dR < 7 - 41) 

where f b (x, y) is the crude reconstruction resulting from pure back projection. 
This reconstruction is often called a laminogram. We will study the nature of 
the distortion in this reconstruction and attempt to correct it. 

Using (7.27) and (7.41), we find the impulse response using back projection. 
We first find the projections g 6 (R) due to a delta function at the origin S(r)/nr 
as given by 

g e (R) = J* 2 * J~ %£s[r cos (9 - 0) - R]rdrd<f> 

= J* J~ *&S[r cos (0 - <f>) - R]drd<l> 

&d<f> = 5{R). (7.42) 
o 71 

Thus, as expected intuitively, each projection of a delta function at the origin 
is 5(R). These delta functions are back-projected giving the impulse response 
h b (r): 



-L 



h b (r) = £ dO j"^ 6(R)5[r cos (0 - 0) - R] dR 
= j"*<5[/-cos(0 - 4>)]d4> 

+ ')] 

Jo ||=rcos(0-0)| 



dd 

■jjp, w» \v yj\ evaluated at 6 = -j- + 



(7.43) 
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where we have made use of the delta function relationship [Bracewell,1965] 



where x„ are the roots of /(*). 

Knowing the impulse response to be 1/r, we write the reconstructed image 
from back projection 



This represents a poor reconstruction in the case of reasonably complex 
images because of the "tails" of the 1/r response. Some early reconstructions 
were obtained of medical images using pure back projection with marginal 
results. 

The 1/r blurring must be removed to provide the desired reconstruction. 
One approach makes use of the frequency-domain representation of (7.45), 
where 

F£p,0) = ^' (7.46) 

since the two-dimensional Fourier transform of 1/r is \/p. An obvious cor- 
rection method is to take the Fourier transform of f b (x, y), weight the resultant 
F b (p y 9) with />, and then inverse transform to provide the desired /(x, v). This, 
however, has clearly not solved the computational problem since two two- 
dimensional transforms are required. 



FILTERED BACK-PROJECTION 
RECONSTRUCTION SYSTEM 

It is desirable to be able to use the elegant simplicty of back projection and to 
undo the 1/r blur without requiring two-dimensional transforms. This is 
accomplished by again making use of the powerful central section theorem. 

We begin by restating the back-projection relationship for the laminogram 
f b (x, y) as 



and restructuring it into a Fourier transform mode by using the central section 
theorem to substitute the inverse transform of F(p, 9) for g(R, 6) as given by 



(7.44) 



f<,(x,y)=f(x,y)** T - 



(7.45) 





Performing the integration over R, we obtain 
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To appreciate the significance of this relationship we restate the two-dimen- 
sional inverse Fourier transform relationship in polar form as 

f( Xi y\= C n dO C F(p, 9) exp [/ 2np(x cos 9 + y sin 6)]pdp. (7.50) 
' Jo Jo 

We modify this equation to conform with (7.49), where the 9 integration is 
from 0 to n and the p integration from — oo to oo as given by 

f( Xy y)= \ n d9^ F(p, 9) exp [i2np(x cos 9 + y s\n9)]\p\dp. (7.51) 

This form is equivalent to that of (7.50), where the integrand is Hermitian. 
This is clearly the case for physical systems where /(x, y) is real and F(p, 9) - 
F(-p, 9 + 7i). It is necessary to use | p \ rather than p in (7.51) since the integra- 
tion includes negative values. 

Comparing (7.51) to the equation for the back-projected laminogram 
(7 49) we see that they differ only by the | p\ weighting as previously indicated. 
Substituting F (P> 0 ) in < 7 ' 49 )' and dividin g and multiplying by 

| p |, we obtain 

y ft(Xj y) = j" dQ J" *^ R)] exp \ilnp{x cos 9 + y sin 9)] \ p \ dp. (7.52a) 

This equation provides an alternative interpretation to back projection. In 
essence, the transform of each projection ge (R) has been weighted by \/\p\ 
along each radial line in Fig. 7.9. This accounts for the blurred reconstruction 
of f b (x, y). This can therefore be removed by weighting each transformed pro- 
jection with \p\ prior to back projection to create an undistorted reconstruction 
as given by 

/(x> *Age(R)}'\p\ exp [i2np(x cos9 + y sin 9)]\p\ dp. (7.52b) 

When we operate on each projection g e (R) the radial frequency variable p 
assumes the role of a one-dimensional frequency variable. 

This reconstruction approach is known as the filtered back projection 
system. It is widely used since it involves only one-dimensional transforms. 
Each projection is individually transformed, weighted with the one-dimensional 
variable \p\, inverse transformed, and back projected. This is seen by rewriting 
(7.52) as 

/(x, y) = £ d9 £ [£ 5 , [ge(R)) '\P\ e^ R ]d(x cos9+y sin 9 - R)dR (7.53) 



$7 l [*x{ge(R)}' \p\]S(x cos 9 + y sin 9 - R)dR. (7.54) 



Here it is clearly seen that the function back-projected at all angles is a filtered 
version of the projection g e (R\ where the filter provides a \p\ weighting. As in 
any filtering operation in the freiquency domain, we first Fourier transform, 
multiply by the filter function, and then inverse transform. 
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The back-projected function in (7.54) can be rewritten as 

Sr , P,{&(*)H/>l] = Se(R) * *T 1 {\P\] (7.55) 
using the convolution theorem of Fourier transforms. The spatial equivalent 
of filtering with |p| is convolving with the inverse transform of \p\ [Horn, 
1978; Tanaka, 1979; Scudder, 1978]. This introduces the convolution-back 
projection method of reconstruction, which is by far the most widely practiced. 
Instead of filtering each projection in the frequency domain, each projection 
g e (R) is convolved with a function c(R) and then back-projected. Since the 
convolution function c(R) is chosen to correct the 1/r blur, the reconstruction 
is exact as given by 

/(x, y) = J" dO J" [g e (R) * c(R)]S(x cosO + y sin 9 - R)dR. (7.56) 

As indicated in (7.55), the convolution function is given by 

c(*) = &-'{!/> I}. (7.57) 

Unfortunately, this transform is not defined since the function is not 
integrable. However, we can evaluate the transform in the limit as 

c(R) = $- l {\im\p\e-'t> 1 } (7.58) 

which is an integrable function. Evaluating the transform, we have 

| p | = p[e-<>H(p) - e+"H(-p)] (7.59) 

where //(•) is the unit step function, which is unity for positive arguments and 
zero otherwise, as defined in Chapter 2. We first find the inverse transform of 
the bracketed portion as given by 

= ^ e- ep e anRp dp — J° e ep e nnRp dp 

iAnR 



~ € z + (InRY 

The completed inverse transform is evaluated using the relationship 



(7.60) 



Therefore, 



lF-{|p|*-'-"} = g-'M-B- ^-Jgffi (7-62) 

The convolution function c(R) is therefore the limit of (7.62) as e —> 0. 

The various properties of this convolution function can be put in a logical 
framework, keeping in mind the fact that the convolution function is the inverse 
transform of \p\. Using known theorems of Fourier transforms, we know that 
the average value of a function is equal to the value of its transform at the 
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origin. Thus, since | p | is zero at the origin, we know that the average integrated 
value of c(R) must be zero. This is the case for the function given by (7.62). 
Using this same relationship in reverse, we know that the value of c(R) at the 
origin must approach the integrated average of \p\. The area of \p\ is equal 
to the limit, as p — * oo, of ±p 2 . This is in keeping with the value of c(R) at the 
origin in the limit, as € — > 0, of 2/e 2 . 

Figure 7.12 illustrates a simplified sketch of the convolution function 
c(R). In the vicinity of the origin, where R 1 < e 2 /47t 2 , the function is given by 
2/e 2 . For higher values of R, where R z > e 2 /4n 2 , the function approaches 
-\/2n 2 R 2 , as shown in Fig. 7.12. 



It is interesting to note that the desired convolution function c(R) could 
have been devised without using the central section theorem. We can make use 
of linear systems considerations in that any function c(R) which results in the 
proper reconstruction of an impulse, without the l/r blur, will accurately 
reconstruct all functions. For example, in equation (7.56), we require a c(R) 
that will produce an impulsian f(x 9 y) when g e (R) S(R), the projection of an 
impulse at the origin. Essentially, this requires that c(R\ back-projected at all 
angles, will produce an impulsian reconstruction. 

For the c(R) in the limit given in (7.62), back-projecting at all angles 
provides the system impulse response as given by 




FIG. 7.12 Convolution function to undo l/r blur. 



h(r) = ["dO P c(R)S[r cos (6 - 0) - R]dR 

JO J -oo 




(7.63) 



Convolution — Back Projection 129 



Performing this complex integration, we arrive at the result 

*« = I™ V + (? - 64) 

where # is a constant. This is clearly an "impulsian" function having a value 
of A/e 2 at the origin and zero elsewhere. Other forms of c(R) in the limit provide 
similar results [Horn, 1978]. 

We now consider more realistic convolution functions which have well- 
behaved properties. For example, any physical system has an upper frequency 
limit imposed by either the geometry of the system, such as a finite beam size, 
or by electrical limitations such as noise. Thus the filtering imposed by the 
convolution filter could be of the form | p \ rect (p/2/? 0 ), where p Q is the cutoff 
frequency. This filter is illustrated in Fig. 7.13. 




- Po Po 
FIG. 7.13 Filtering function with band limiting. 
To facilitate taking Fourier transforms, this function is modeled as 

-['"'(&) -■*(£)] <7 - 65) 

where the convolution function is given by 

ff" 1 j| p | rect = p 0 (2 sine 2p 0 R - sine 2 p 0 R). (7.66) 

Thus a bandlimited function can be reconstructed by taking each projection 
g e (R), convolving with p Q (2 sine 2p 0 R — sine 2 p 0 R)> and back projecting. If we 
take the limit of this bandlimited function as p Q — > oo, we get an expression 
similar to that of (7.62). 

In practice, a wide variety of convolution functions are used which are 
similar to that of (7.65). The convolution kernel c(R) is a convenient place to 
accomplish the overall system filtering in addition to the basic | p | filtering. In 
general, as with most imaging systems, these filters are a compromise between 
signal-to-noise ratio and resolution. Thus these filters generally involve the 
product of \p | and some high-frequency cutoff filter. Since the sharp cutoff of 
a rect function generally causes "ringing" at edges, gentler rolloff characteristics 
are usually used. 



RECONSTRUCTION OF THE ATTENUATION 
COEFFICIENT 

The reconstruction methods studied indicated how a two-dimensional function 
could be reconstructed from its line integrals. These line integrals are the sum 
of the function in different directions. In the case of x-ray attenuation, however, 
we measure the exponent of the desired line integral as given by 

/= / oe -j*w* (7.67) 

where, for convenience, we consider a single ray in the z direction. Note that 
we have a nonlinear relationship between the measured projection and the 
desired line integral. This non linearity can fie removed if we use, as our 
measured data, the log of the measured transmission where 

' ln(A)= J ^( Z )dz. (7.68) 

In x-ray attenuation considerations, the logarithm of the measured intensity at 
many positions and angles is used with one of the reconstruction methods 
previously described to form a cross-sectional image of the linear attenuation 
coefficients. 

The removal of the nonlinearity has within it a number of inherent assump- 
tions, namely, that the source is monoenergetic and that the beam is infini- 
tesimally narrow. Unfortunately, both of these assumptions lead to relatively 
impractical systems as far as getting sufficient photon flux to obtain a statistically 
meaningful measurement. Thus, to provide a source of adequate strength, a 
polychromatic source is used providing a measured transmission given by 

/ = J S(Z) exp [- J m(z, 8)rfz] dZ (7.69) 

where S(8) is the source spectrum. In this case the line integral is not directly 
measured and the resultant behavior is nonlinear [Stonestrom et al., 1981]. 
Here we attempt to reconstruct ii(B), where 8 is the average energy emerging 
from the object. Taking logs as in (7.68), we obtain 

In (A) = a 0 + a, J M*. S) dz + a 2 [J* ^(z, 8)rfzJ + . . . (7.70) 

where 7 0 = J S(S) </(&), the total source energy. We have a distorted version of 
the desired line integral. 

The nature of the distortion can be seen by studying a single pixel in a 
cross section traversed by a number of rays at different angles. Along each ray 
we are attempting to measure the line integral or the sum of the attenuation 
coefficients of each pixel. The attenuation coefficient of the single pixel being 
studied should contribute a given fx to each sum. However, each ray can con- 
tain different materials providing different degrees of spectral shift and a 
resultant different average energy 8. Thus the single pixel has different con- 
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tributions to each ray sum, resulting in a distortion in the attempted reconstruc- 
tion. From this discussion it is seen that the largest distortions will occur in 
the vicinity of bone where the greatest spectral shifts occur. In early head scans 
this effect resulted in a severely cusped region immediately inside the skull, 
making diagnosis of this region very difficult. 

These nonlinear terms cause distortions in the reconstructed image which 
can be quite severe. As a result, most instruments use a nonlinear function of 
the log of the measurements in an attempt to compensate for the nonlinearity. 
Unfortuna^ 

^hLcii^aiie_n_ ot known before hand. This problem has been min imiz ed, in some 
computerized tomography scanners by using a water bag around the region 
be^ 

still provides some error since the amount of bone arid air within each path is 
still unknown. Other approaches are under investigation. In one, an initial 
reconstruction is provided which includes the distortions or spectral shift arti- 
facts. From this initial reconstruction the amount of bone and soft tissue in 
each path can be estimated and used to provide a more accurate nonlinear 
correction. 

The other nonlinearity is that due to finite beam size. The projection for 
a finite beam size is given by 

/ = J" J s(x, y) exp [- J M (x, y 9 z)d^dxdy (7.71) 

where s(x 9 y) is the source intensity as a function of its lateral dimensions. For 
clarity we assume a monoenergetic beam in this case. As before, the error with 
this system depends on the variation in fi(x 9 y) over the beam size s(x, y). If, 
over the beam region, pt(x, y) is relatively constant at some value ft, the measure- 
ment can be approximated as 

\n(If)~^fi(z)dz (7.72) 

where 

Unfortunately, there are many discontinuities in the attenuation coefficient, 
such as the edges of bone, so that this approximation is often inaccurate. This 
remains a source of error in existing instruments which is minimized through 
the use of relatively narrow beams. 

SCANNING MODALITIES 

In Fig. 7.4 we illustrated a simple method of data acquisition where a single 
source and detector are synchronously scanned to provide the required projec- 
tion data. This system, because of chronology, is known as a "first-generation" 
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scanner. It is identified by a two-motion translate-rotate scan using a single 
detector. The principal difficulty with this instrument is its relatively long scan 
time, on the order of a few minutes. Only a small portion of the total x-ray 
output of the x-ray tube is utilized, requiring relatively long scanning times to 
achieve adequate statistics. These long times are acceptable, however, for rela- 
tively stationary regions such as the head. These scanners continue to achieve 
relatively wide use because of their low cost. However, even as a head scanner, 
there are continuing problems with uncooperative patients such as children 
and patients with poor motor control. 

Figure 7.14 is an illustration of a second-generation scanner at various 
intervals of the scan. Here the same translate-rotate motions are used with a 
multiple-detector system. In this way, several projections are acquired during 
each traverse. For example, if there are 10 detectors, each 1° apart, a single 
translation acquires suM 10 projections. During the subsequent rotation the 
gantry is indexed 10° rather than 1°, resulting in a 10: 1 time reduction. Since 
10 times as much of the x-ray output is being utilized, the scan time is cut 
accordingly. Using this approach, scan times have been reduced to a fraction 
of a minute. 




FIG. 7.14 Second-generation scanner, using multiple detector translate- 
rotate system. 
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One important feature of both first- and second-generation scanners is 
self-calibration. Either preceding or following each traverse, each x-ray beam 
impinges on the detector with no intervening material. This provides a reference 
measurement of /„, the intensity in the absence of attenuation. This value is 
required to calculate the line integral. Although it is theoretically constant, 
drifts in both source and detector often require frequent measurements. 

The third-generation scanner involves rotation-only of a fan beam, as 
illustrated in Fig. 7.15. Both the source and the detector are rotated about a 
common center within the patient. The detector array is a few hundred con- 
tiguous elements. The primary advantage of this approach is the mechanical 
simplicity and associated ability to provide very high speeds, with scan times as 
low as 1 sec. The detectors can be relatively deep and positioned along the 
rays radiating from the source. This relatively long path length has enabled 
the use of gaseous ionization detectors using xenon. 



X-RAY 




FIG 7.15 Third-generation fan-beam scanner, using a rotating source 
and detector array. (Courtesy of the General Electric Medical Systems 
Division.) 



One disadvantage of this system is the lack of self-calibration At no point 
after the patient enters the machine can the system be calibrated. In the earlier 
days of these instruments "ring artifacts" were prevalent due to errors in indi- 
vidual detectors which were uncalibrated. These have since been ™n'™ zed 
through improved detectors and software corrections. A commercial tnird- 
ceneration system is illustrated in Fig. 7.16. 

The fourth-generation scanner is characterized by a rotating fan beam 
imDineing on a 360° stationary detector array as illustrated in Fig. 7. 1 7. A source, 
generating a fan beam, is rotated around the patient. The transm.tted rays are 
collected by the stationary detector array. This simple mechan.cal motion ot 
the source only allows for a rapid scan time. In addition, the system ,s again 
self-calibrating since, at different portions of the scan, each detector •■ >^«" 
by the source without any intervening material. Also, the system is relatively 
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FIG. 7.16 Third-generation commercial scanner. (Courtesy of the General 
Electric Medical Systems Division.) 



immune to ring artifacts since detector errors are distributed throughout the 
image, rather than representing a specific radius. 

One difficulty with the scanner is the varying angle at which the rays strike 
the detectors. In the third-generation scanner the detectors could be aligned 
along the rays since the entire structure rotated. Here, however, at different 
source positions the rays strike a given detector at different angles. This means 
that the detectors should be relatively shallow to avoid the rays entering adja- 
cent detectors. To provide high quantum efficiency with these shallow detectors, 
high-// materials are used such as scintillators with high atomic numbers. 
Gaseous detectors, having lower linear attenuation coefficients, are not used 
with stationary detector systems. 
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STATIONARY DETECTOR ARRAY 



FIG. 7.17 Fourth-generation scanner, using a rotating fan-beam and a 
stationary ring detector array. 

The third- and fourth-generation scanners derive their measurements using 
fan-beam rather than parallel-beam projections. These requ.re somewhat modi- 
fied approaches to the reconstruction problem. One approach is known as 
fe-binmng where the various fan-beam rays from different projections are 
r assembfed as parallel-beam projections. These then ^f^™^ 
struction algorithms as the first- and second-generation scanners. An ^native 
abroach is the use of a modified convolution back-projection 
1979- Denton et a!., 1979]. Here the convolut.on kernel is slightly different 
ind the bac project on involves a quadratic weighting factor rather than the 
untfolm weighting of the parallel rays. This latter algorithm ,s widely used n 

^"E^q-toy of these systems has improved significantly in recent 
years a! hu thdr diagnostic value. Typical head and body .mages made with 
a third-generation scanner are illustrated in Figs. 7.18 and 7.19. 
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FIG. 7.18 Cross-sectional head images at different levels, made with a 
third-generation scanner. (Courtesy of the Siemens AG-Bereich Medizin- 
ische Technik.) 
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FIG 7.19 Cross-sectional body images at different levels, made with a 
tod-generation scanner. (Courtesy of the Siemens AG-Bere.ch Med.zm- 
ische Technik.) 



NOISE CONSIDERATIONS 

IN COMPUTERIZED TOMOGRAPHY 

The noise considerations of the measurements in computerized tomography 
are similar to those of projection radiography [Ghesler et al., 1977; Brooks 
and DiChiro, 1976a]. We have an array of independent measurements, each 
having the general form 

N t = « 0 A exp (-[ tutt) (7-73) 

where N t is the number of detected photons at each measurement, w„ is the 
incoming photon density in photons per unit area, A is the active area of the 
detector receiving the impinging x-ray beam, and [ fidl is the ith line integral 
of the cross section »{x,y), representing one of the rays. For simplicity, the 
collection efficiency t] is assumed to be unity, a reasonable assumption with 
available detectors used in CT. As in projection radiography, the noise or 
standard deviation of each measurement is JW, because of the Poisson statistics 
In computerized tomography, however, we first calculate the line integrals of 
H using logs and then, using the line integrals, reconstruct the values of ft- The 
line integrals are given by 

* = J><=-$) (7 - 74) 

where N, = n 0 A, the incident number of photons per measurement. Using this 
relationship, we calculate the mean g, and <r„, the standard deviation of the line 
integral resulting from the uncertainty in the measurement of ty. 

The mean and variance of the line integral of the projection have been 
derived in Chapter 6. For a reasonably large number of photons per measure- 
ment JV„ the mean and variance of the line integral are given by 

where N, is the mean of the number of counts per measurement. 

Using these statistics of the line integral measurement of the reconstructed 
image fi(x, y), we wish to analyze the signal-to-noise ratio as given by 

= Cfi (7.77) 



SNR 



a.. 



where C, as with projection systems, is the fractional change in n, /lis the mean 
and a is the standard deviation. We now proceed to calculate /i and o, for a set 
of discrete projections in an appropriately normalized fashion. For convenience 
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we introduce the notation R' = r cos (0 - <f>) so that the back-projection opera- 
tor takes the form S(R — R'). 

Using the convolution-back projection system, the resultant reconstruction 

is given by 

H(x,y)=\"[g e (R')*c(R')]de (7-78) 

where g,(R) represents the projection at the angle 6, c(R) is the convolution 
function, and each has been convolved with 5{R - R'), the back-projection 
operator. For studying noise we use a realistic model of M discrete projections 
as given by 

fi = ±lg e XR , )*c(R')W (7.79) 

where fi is the estimate of /i. To evaluate the required normalization and 
facilitate the use of transforms, we express this finite sum in integral form as 

fi = %[lg,{R')*c(R')]dO (7-80) 

where AO = n\M. This can be expressed as a two-dimensional convolution of 
the desired function ii(r, 0) as 

p. = h(r, <j>) ** n(r, $) (7-81) 
where h(r, </>) is the two-dimensional impulse response as given by 

/,(,, 0) = K f c[r cos (6 - (7-82) 

71 JO 

For this analysis it is convenient to normalize the area of h(r, <f>) to unity so that 
the reproduced values of /2, in broad constant areas, will not be scaled and will 
represent the correct average value. We thus require that 

rr Kr,<f>)rdrd<l>=L (7.83) 
Jo Jo 

The impulse response having a unity area is equivalent to its Fourier transform 
H(p) being unity at the origin. 

Taking transforms using equation (7.82), we obtain 

»0» = 7T$ <7 ' 84) 

where H(p) is the transform of the circularly symmetric impulse response and 
C(p) is the Fourier transform of the convolution function c(R). Division by \p\ 
is again the affect of back projection. C(p) can be decomposed as given by 

C(p) = \p\S(p) (7.85) 
where | p \ removes the back-projection blur and S(p) is the system filter. Thus 
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the normalization procedure requires that 

5(0 = J- 

For example, using the rectangular filter of Fig. 7.13, we obtain 

We will calculate the signal-to-noise ratio using this fitter function. 

In taking the variance of the estimate of n we use the statistical property 
that the variance of a sum of independent measurements is equal to the sum of 
the variances. For a weighted sum of measurements, the weightings are squared 
in accordance with the definition of the variance in (2.49). Since each measure- 
ment is weighted by c(R), the resultant measurement variance is weighted by 
fcCR)) 2 The variance of the reconstruction is therefore the variance of the 
measurements convolved with [c(/?)P and back-projected. In integral form this 
is given by 

al = *££aUR')*M'Wdd (7-87) 

where al e (R) is the variance of g e along each projection. In the continuous case, 
from (7.76), it is given by 

„i( R \- _! (7.88) 

where n<£R) is the average transmitted photon density and h is the height of the 
beam normal to the section. The nh represents the number of transmitted photons 
per unit distance along the projection. 

To achieve useful results, we assume a typical radiographic object where 
the density of transmitted photons n^R) is relatively constant and can be 
approximated by a constant n. In that case the convolution becomes an integral 
of c\R) and the variance becomes 

We evaluate this integral using Parseval's theorem, giving 

°l = Th[j C(p)l2dp ' (7 ' 90) 
Using the normalized rectangular filter from (7.86), we obtain 
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The resultant signal-to-noise ratio is therefore 

SNR = — = c fi<S¥W p - Q >n (7.92) 

It is more useful to structure the result, as before, in terms of resolution 
limitations imposed by the detector width w so that the trade-off between 
resolution and signal-to-noise ratio is readily visualized. Obviously, increasing 
the bandwidth p 0 without bound would be poor design since the s.gnal-to-noise 
ratio would become poorer while the resolution would continue to be > limited 
by the effective detector width w. Thus, in a good design, the bandwidth p 0 is 
compatible with a resolution equal to the detector width. Thus we have 

* = ^ < 7 - 93) 

where K is a constant of order unity depending on the shape of the system 
response. This constant will vary slightly depending on which resolution criteria 
is used. The signal-to-noise ratio then becomes 

SNR = K' Cfi^/MM w 3/1 ( 7 - 94 ) 

where K' is a combined constant, again of order unity. 

It is indeed interesting to study the implications of the resultant s.gnal-to- 
noise ratio. Considerable insight can be derived by structuring this relationship 
in terms of N, the average number of counts permeasurement as given by 

SNR = K'CfiJfiMw (7-95) 

where N = nA = nwh. , . . , 

In our noise studies in projection radiography in Chapter 6, the signal-to- 
noise ratio was shown to be dependent solely on the number of counts per 
measurement. The counts per measurement were governed by the imput radia- 
tion the body attenuation, and the area of a pixel. Here we see the additional 
factor w. Thus, in computerized tomography, a higher-resolution system suffers 
an additional noise penalty, over and above the reduced number of photons 
per element for a given dose. This increased penalty is a result of the convolution 
operation, which couples the noise values of adjacent measurements into each 
measurement. The procedure that decouples the signal information, removing 
the llr blur, increases the noise since the signal is subjected to a c(*) convolution 
while the noise variance experiences a c\R) convolution as indicated in (7 87). 

The analysis using a continuous measured projection g^R) ignored tne 
finite width of the detector w. Effectively, for a simple single scanned detector 
system as shown in Fig. 7.4, the projection is being convolved with a detector or 
beamwidth function such as rect (/?/*). This can be treated as part of the overall 
convolution function c(R). Thus c(R) becomes the convout.on of rect (*/w) and 
the function used for reconstruction. For detector arrays this situation becomes 
more complex because of the aliasing, which is introduced when g e (R) .s sampled. 
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7.1 In a linear tomography system a source a distance d from the film is moved 
uniformly an amount X in the x direction with the film moved an amount 
JcX in the opposite direction. A sinusoidal transparency having a trans- 
mission 

t = a + b cos 2nf 0 x 
is imaged. At what depths z will the sinusoidal component at/ 0 disappear? 

7.2 In an x-ray imaging system the desired information is at plane z = d/2 
and the undesired structure, at plane z = 2d\\ consists of a symmetrical 
square wave in the x direction of period W. 

(a) Find the parameters k and X of a linear motion tomography system 
that will focus on'the desired plane and eliminate the square-wave struc- 
tures. . 

(b) At what other depth planes will this square-wave grating disappear 

7.3 An x-ray source, parallel to and a distance d from the x-ray recorder, has 
a pattern in the x direction of rect (xJX). It is moved linearly in the x 
direction an amount D with the recorder moved in the opposite direction 
an amount kD where D > X. 

(a) Find the two z distances for placing a transparency at which the point- 
spread function due to the source alone is equal to that due to the motion 
alone. 

(b) Plot the point response at the recorder, in the x direction, for these 
two z planes labeling the break points. 

(c) Plot the point response for planes at z = d, z = dj{\ + k), z = 
rf/(l + */2). 

7.4 In a linear tomography system a source is moved a distance A in the x 
direction with the recorder moved kA in the opposite direction. The source 
distribution in the x direction is rect (x/X), 3l distance d from the recorder. 

(a) At what two depth planes is the response a rect function? What are 
the widths? 

(b) At what two planes is the response a triangular function, and what is 
the width of the response at each plane? 

7.5 In a linear tomography system the source is translated in the x direction 
at a velocity v for a time interval t. The recorder is linearly translated in the 
opposite direction with a velocity kv for the same time interval. The source 
distribution in the x direction is given by rect (x/X). 

(a) Find the overall point response in the x direction as a function of z. 

(b) Find the thickness of the tomographic cut, which is defined as the 
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distance between those z planes where the size of the respo 
source motion alone is equal to the response s.ze due to the source alone. 
7 6 An x-ray imaging system consists of a circular disk source of radius r, 
Separated a dLnce" d from a film-screen system which has anjmpxus* 
response circ (r/r,). The source is linearly translated in the x direction an 
amount A with the film moved kA in the opposite direction, 
(a) Find the impulse response of the system for a transparency at plane ^ 
b) A transparency consists of two pinholes separated in the x direction^ by 
S Over what deptn range can the transparency be placed with the resultant 
images separated, that is, not overlapping? 
(c) Repeat part (b) for two holes of radius r h . 

Make the necessary assumptions concerning the relative dimensions such 
that the images are separable in the absence of translation. 

7.7 (a) Find the projection space g(*, 6) of a two-dimensional f™<*°» /<*• 
y) = COS2K/0*. Using the filtered back-project.on reconstruction system 
find the back-projected function. Show that this function results in a correct 

reconstruction. , f( \ _ q 

(b) Repeat part (a) for f(x, y) = cos Inax + cos Inby and /(*, y) - cos 

2n(ax -1- by). 

7.8 Find the circularly symmetric function f{r) which has a projection at all 
angles of 

p(R) = Vr^^recty- 

[Hint: Use Fourier transform tables in Bracewell (1965).] 
7 9 The area of a two-dimensional function is JJ/(x, y)dxdy. 
' (a) Find an expression for the area in terms of the PW*™£*% ff) 

(b) Show that the function h s (R)h e (e) cannot represent a projection g(r, 8) 

unless hAO) is a constant. 
7 10 In a computerized tomography system each projection is obta ined using a 

uniform sinning beam of width instead of an infinitesimal pe»^»»- 

Find the resultant estimate/(x, y) of the function /(x, y) 

tional reconstruction system that does not take the beam width into 

account. 

7 11 Find the signal-to-noise ratio of the computerized tomography reconstmc- 
Z Z 'I lesion immersed in a 20-cm cylinder of water whose attenuation 
coefficient is 5 % different than that of the water. A scanned source is used 
SSS 00 projections at 0.1R per projection. The detector and beam 
dimensions are 2.0 X 2.0 mm. Make appropriate assumptions about the 
reconstruction filter. 
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7.12 Projections g e (R) are taken of a unit square where fix, y) = rect (x) rect 
(;>). 

(a) Find a general expression for g e (R) and the particular functions for 
0 = 0° and 45°. 

(b) Using the method of filtered back projection, find the Fourier transform 
of the back-projected function for the general case and for 6 = 0° and 45°. 

7.13 In the convolution back projection reconstruction system, find a general 
expression for the impulse response of the reconstruction h{r) for a con- 
volution function c(R). The answer can be left in integral form and should 
be a function of r and R only. 
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in radiography the regions under ^££££Z££Z 
measurement of the attenuation coefficient This ^ In nuclear 

by the selective administration of ^dTbTon^es an active source. This is 
medicine [Blahd, 1965] the region ^J^^^^ since the body 
done through the selective administration of ^u*cmt m material 
contains no natural radioactive substances ■ ^ ^ cause it to be 

rather than a distribution of att ^f.^^^ smaller amounts of 
It is important to point ou that, in genend, mu radiograph i c 
administered materials are reqmr d "VJ^^, ite different . m radio- 
contrast studies. The radiation dose problems are also qu ^ 

gra phythe patientis ^^^^S^^Sl^^^ 
In nuclear medicine the patient is oemg inau decays, 
active material is administered until it is either e f^^^S^ by 
The earliest nuclear medicine studies were mad e on ; e ^~ ne ,"I was 
taking advantage of its natural affinity for iodine. An 
used as the tracer material. This emits gamma rays at an energy 
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Gamma rays are photons having the same energy range as x-rays The definition 
simply distinguishes their source, with x-rays generated by electron events and 
gamma rays generated by nuclear events. The energy of 364 kev is somewhat 
Sigh by radiography standards. In nuclear medicine, however, attenuat.on of the 
photons is undesirable. The requirement for negligible attenuation would of 
itself suggest very high energy isotopes. However, this requirement is moderated 
by the imaging considerations. Obtaining good colhmat.on and efficient detec- 
tion is difficult at very high energies, so that the energies used are often a com- 
promise between the attenuation and imaging requirements. 

In recent years »»Tc, an isotope of techn.cum [Blahd, 1965], has gotten 
wide acceptance as the preferred material for a variety of studies Th.s decision 
is based primarily on three desired properties. First, ,t is relatively easily made 
by chemical generators rather than requiring a cyclotron. Second, it has a 
gamma-ray emission energy of 140 kev, which is a good compromise between 
body attenuation and imaging considerations. Third, it has a relat.vely short 
half-life of 6 hours, for low radiation dosage. 



SCANNED DETECTORS 

In the early thyroid studies the imaging device was a simple single-bore, lead 
collimator which was scanned over the area of interest as shown in Fig. 8 1. 
Photons passing through the hole gave up their energy in a ^."atrng crysta 
whose material is comparable to that used in x-ray screens. Materials such as 
sodium iodide are used with the resultant visible photons coupled to a photo- 
mu tpli r tube where an electrical signal is created. The crystal is made 
Relatively thick so as to capture the gamma rays with almost 100% quantum i effi- 
ciency. The number of light photons produced per gamma-ray photon and he 
light quantum efficiency of the photocathode are sufficiently high so that he 
sfgnaMo-noise ratio is dominated by the number of rece.ved gamma-ray 
photons. The detector is mechanically scanned across the area of .uteres The 
resultant signal is used to intensity modulate a synchronously scanned d»pby 
which produces an image of the radioactivity distribution. Some scanners use 
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FIG. 8.1 Scanned gamma-ray detector. 
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focused collimators, aimed at a specific depth range, to provide a limited degree 
of depth resolution. 

The relative radioactivity, often specified as representing hot and cold 
regions, is of diagnostic significance. In the thyroid these indicate regions of 
overactivity and underactivity. In other organs lesions can be demonstrated by 
regions of either underactivity or overactivity as compared to the normal organ. 
For example, brain tumors tend to localize the radioactive material and produce 
a hot spot. Liver studies, on the other hand, are produced by injecting a colloidal 
radioactive substance which is taken up in normal liver tissue. Thus regions of 
disease, such as tumors, are characterized by cold spots which do not take up 
the administered colloidal material. 

Scanned systems are unsuitable for studying the dynamics of the function- 
ing of an organ or system because of the long time required to view the area of 
interest. To accomplish this function cameras have been developed which view 
an entire region at once and make a series of images that indicate the distribution 
of the radioactive material at different time intervals. The ability to make these 
images rapidly is governed by the efficiency of the camera and the amount of 
radioactive material used. This amount is limited by radiation considerations. 

The basic unit of activity is the curie (Ci), which is defined as 3.7 X 10 10 
disintegrating nuclei per second. In the case of a gamma-ray emitter this repre- 
sents the number of photons emitted per second. The amount of radiation dose 
is thus determined by the amount administered, the half-life of the material, 
and the ability of the body to excrete the material. Iodine 131 is used in thyroid 
studies and has a half-life of 8.1 days. A dose of 25 //Ci results in a radiation 
dose of 40 rad, a number significantly greater than any radiographic study. In 
the early days, using relatively inefficient detectors, doses of 50 to 250 jiCi were 
used. With present-day detectors, doses of 5 /id and less are used. 

Scanned detector systems have rapidly declined in popularity, although 
they continue to be used for visualizing static structures of the body. This is 
particularly true of studies involving very large fields of view, such as a whole- 
body bone scan [Laughlin et al., I960]. Figure 8.2 illustrates a commercial 
scanner together with a typical whole-body bone scan. As can be seen, the image 
is relatively noisy and of considerably lower resolution than typical radiographic 
images. 



IMAGING CONSIDERATIONS 
WITH GAMMA-RAY CAMERAS 

The gamma-ray camera allows an entire field to be studied simultaneously 
without requiring a mechanical scan. For both static and dynamic studies, these 
are rapidly becoming the most widely used instruments. A basic gamma-ray 
camera is shown in Fig. 8.3. 
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FIG. 8.2 Commercial scanner and a typical whole-body bone scan. 
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FIG. 8.3 Basic gamma-ray camera. 

The camera consists of a collimator for forming the radioactive distribution 
into a two-dimensional image, a detector for detecting the position of each 
gamma-ray photon, and a recorder for producing an image from the detected 
photons. The detector considerations are similar to those of radiography. The 
material should be sufficiently thick and of high attenuation coefficient so as to 
stop most of the high-energy photons and produce large numbers of visible 
photons. A typical nuclear medicine detector has a ^-inch-thick sodium iodide 
crystal. 

The recorder must register the position of each event and form an image. 
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Film, the recorder used in radiography, is unsuitable because of scatter consid- 
erations. A large number of the emitted photons are Compton scattered and 
appear in the detector at erroneous positions. In radiography these are atten- 
uated by collimating grids since we know which direction the desired rays are 
coming from. In nuclear medicine, the direction of the desired rays is unknown. 
Scatter discrimination is provided by making use of the nature of Compton 
scattering described in Chapter 3. Each scattered photon has a reduced photon 
energy. At the relatively high energies used in nuclear medicine isotopes, this 
energy change is significant enough to be measured. Also, the photon rate is 
sufficiently slow that individual photons can be distinguished. Each single 
photon captured in the detector produces a number of visible photons propor- 
tional to the energy of the gamma ray. Desired events can be distinguished from 
scattered events by the amplitude of the light pulse produced. Thus electronic 
recorders, such as an array of photomultipliers with pulse-height analyzers, can 
minimize the scattered radiation. This capability is unavailable using photo- 
graphic film. In addition, having the signal in an electronic form makes possible 
a variety of processing, such as geometric distortion correction. 

One generalized configuration for a detector and recorder utilizes an array 
of individual detectors. The output from each detector represents the integrated 
number of photons over a given incremental area. The detected outputs can be 
coupled to a recorder, where an image is produced of the intensity at the detector 
plane. Arrays of this form have been used employing scintillating crystals fol- 
lowed by photomultipliers [Bender and Blau, 1963]. In recent years suitable two- 
dimensional arrays have been built using gaseous multiwire proportional 
counters and also using cooled semiconductor arrays such as intrinsic and 
lithium-drifted silicon and germanium. In the detector arrays considered, the 
system resolution is limited to the number of discrete detectors used. With some 
detectors, such as sodium iodide scintillating crystals followed by photomulti- 
pliers, this can be a very awkward and expensive configuration if reasonable 
resolution is desired. 



ANGER CAMERA 



The Anger camera, named after its inventor, is a system for achieving a large 
number of resolvable elements with a limited number of detectors [Anger, 1958]. 
It thus overcomes the previous difficulty of having the resolution limited by the 
number of discrete detectors. The principle is based on estimating the position 
of a single event by measuring its contribution to a number of detectors. This 
system requires that the detector be capable of distinguishing individual events, 
no matter where they occur. Two simultaneous events occurring at different 
portions of the detector system would be rejected by this camera, whereas it 
could be recorded by the previously described array of individual detectors. 
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The basic principle is simply illustrated in Fig. 8.4 with a single slab of 
scintillating crystal followed by two photocells centered at x x and x 2 . The light 
received from each detector, due to single events, is distributed among the two 
detectors based on the position of the event. Thus the position of the event x 
can be estimated as 



(8.1) 



GAMMA-RAY PHOTON 



/ 



-XT- 



SCINTILLATING CRYSTAL 
^ N LIGHT PHOTONS 
"I PHOTODETECTORS 



-* 2 - 



h h 

FIG. 8.4 Anger camera principle. 



The ultimate resolution in the x direction, using only two detectors, is deter- 
mined by the accuracy of the formula and, more important, the statistics of each 
measurement rather than by the size or number of detector elements. It must be 
emphasized, however, that the process requires detecting single events. If more 
than one scintillation takes place during the measurement interval, the position 
cannot be determined. Fortunately, the /, + I 2 sum can be used to indicate the 
sum of the counts received so as to discard multiple events and scatter. Cameras 
of this general type have a single crystal viewed by arrays of detectors with the 
detected outputs followed by a position computer to estimate the position of 
each event. 

A typical detector system of this type is shown in Fig. 8.5. The light from 
the crystal is divided among the photomultiplier tubes arranged in a hexagonal 
array. The sum of the outputs is used for energy selection to achieve scatter 
rejection. If the pulse height fails to fall within prescribed limits for the isotope 
used, the pulse is rejected by blanking the intensity of the display device. This 
same process also rejects occasional multiple events. The position of the event 
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FIG. 8.5 Block diagram of an Anger camera. 

on the crystal is determined by a centroid calculation. The estimate of the x 
and y coordinates of the event, x and y, are given by 



and 



* = i> < 8 - 2 > 



y = ^- (8.3) 

where x t and y s are the x and y coordinates of the center of the photomultipliers 
and n t and n s are the number of light photon counts or the pulse amplitudes in 
each photomultiplier. This system provides a resolution of over 1000 resolvable 
elements using 19 photodetectors. This is made possible by analyzing single 
events. However, even the 1000 elements represent a lateral resolution of about 
1 cm, considerably less than that used in radiography. 

The resolution of the camera, rather than depending on the number of 
discrete detectors, is determined by the accuracy of the position computation. 
This is limited by the counting statistics of the number of light photons at each 
photomultiplier. In calculating the statistics of the position measurement we 
make the simplifying assumption that the total number of collected counts 
n t is a constant equal to N. First, with a large number of counts, the statistical 
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variation in this quantity will be small compared to that of each n t . Second, the 
pulse-height analysis will reject events whose total count is not in the immediate 
vicinity of N. The expected value of % is therefore given by 

E(x) = j r Y l x l E(n i ) 

where CI, is the solid angle subtended by the ith photomultiplier from the light 
emitted from the scintillating crystal at point x, y and n,/£, O, is the fraction of 
the total collected counts in the ith photomultiplier. The solid angle at each 
photomultiplier due to an event at x, y can be approximated as 

o Ad (8.5) 

where A is the area of the photomultiplier cathode and d is the z distance from 
the event to the photocathodes. The distance d is assumed constant since the 
thickness of the crystal is smaller than the distance from the crystal to the photo- 
multipliers as shown in Fig. 8.5. 

The variance of the measurement, which determines the accuracy, is given 

by 

var x = S (j£) var 

i 

The standard deviation of the computation is therefore 



o* = 



j 



(8.7) 



where the area of the photomultiplier A cancels out. This area determines the 
overall collection efficiency which governs JV, the total number of counts, as 
given by 

where n P >s the efficiency of light production of the scintillating material. The 
calculations are essentially identical for a 9 . 

In Table 8.1 we list the standard deviation for a number of cases. For sim- 
plicity, a square L X L array of contiguous square photodetectors has been 
used. The spatial resolution or number of elements along each axis can be 
approximated by Ljla^ with the total number of resolvable elements being the 
square of that number. A total number of 1000 collected photons is assumed for 
N. As shown in Table 8.1, the accuracy increases as the number of photomul- 
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TABLE 8.1 

PERFORMANCE OF ANGER CAMERA 









Total 


Detector to 




x, y Position 


Array 


Photo- 


Number 


Scintillator 


Standard 


of Source 


Size, L 


multiplier 


of Photo- 


Distance 


Deviation 


(cm) 


(cm) 


Size (cm) 


multipliers 


d (cm) 


(cm) 



0,0 40 

0,0 40 

0,0 40 

0,0 40 

20, 20 40 

20, 20 40 

20, 20 40 

10, 10 40 

0,0 20 

5,5 20 

10, 10 20 



4 


100 


5 


0.225 


8 


25 


5 


0.25 


8 


25 


3 


0.224 


4 


100 


3 


0.177 


4 


100 


3 


0.578 


8 


25 


3 


0.614 


8 


25 


5 


0.578 


8 


25 


3 


0.368 


4 


25 


3 


0.131 


4 


25 


3 


0.186 


4 


25 


3 


0.28 



tipliers increase. The accuracy for points on the axis is improved by decreasing 
the distance d from the photodetectors to the scintillator. However, for off-axis 
sources the accuracy deteriorates at a more rapid rate for the smaller d. Also, a 
smaller field of view provides improved accuracy at the price of viewing a 
limited portion of the anatomy. 

It should be emphasized that the centroid calculation of the position given 
in equations (8.2) and (8.3) are not optimum from a statistical point of view. 
The uniform weighting given each measurement can be shown to be suboptimal. 
Newer forms of position arithmetic [Gray and Macovski, 1976] using nonuni- 
form weightings of the measurements are being used to provide reduced stan- 
dard deviations for a given photon count. 



PINHOLE IMAGING STRUCTURES 

The imaging portion or collimator of the camera system in Fig. 8.3 contributes 
significantly to the determination of the efficiency and the lateral resolution. 
Radiographic systems do not need an imaging structure since the transmitted 
photons define the image through shadowing. In nuclear medicine we are 
imaging the source and thus require an imaging or collimating structure. Lenses 
are unavailable at this energy range since the refractive index of all transparent 
materials is unity. Since only attenuation mechanisms are available, a pinhole 
becomes the logical imaging device. This is known in nuclear medicine as a 
pinhole collimator and is shown in Fig. 8.6. 
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FIG. 8.6 Pinhole imaging system. 



If the pinhole were an infinitesimally small opening on the axis of the sys- 
tem, a planar source at z, S(x, y), would be reproduced at the detector plane as 

l d (x d ,y d ) = Ks(*%) (8.9) 

where the magnification M is given by 

(8.10) 

Although this system would have perfect fidelity in lateral resolution, it would 
have zero intensity since AT, which is determined by the solid angle of intercep- 
tion, would approach zero. 

To provide adequate photon flux the pinhole is opened to an aperture 
a(x y y). We make the assumption that the aperture plate is infinitesimally thin 
and is completely opaque to the emitted gamma rays. Although this combination 
of assumptions is somewhat inconsistent, it does make the system space invar- 
iant and allows us to place the detected output in a convenient convolutional 
form. An aperture plate of finite thickness will have a space-variant point 
response because the sides of the aperture will alter its effective size when viewed 
from different angles. 

To calculate the impulse response we place a single photon point source at 
x, y, z. The intensity or photon density at the detector plane due to photons 
entering the aperture, using the same development as given in equations (4.2) to 
(4.5), is [\/4n(z + d) 2 ]cos 3 0, where 0 is the angle the rays make with the 
normal. The extent of this intensity pattern is the magnified projected aperture 
function projected from the point source. This magnified image of the aperture 
is translated by Mx and My, respectively, where M is the image magnification 
—djz. Thus the impulse response at the detector due to a point source is given by 
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where m is the magnification of the projected aperture as given by 

m = z -±A=l -M. (8.12) 
z 

In the interest of providing a space-invariant impulse response, with a subtle 
loss in accuracy, we ignore the cos 3 9 dependence of the oblique rays. Since the 
system is linear we use the superposition integral to find the output I d (x di y d ) due 
to a general planar source S(x, y) at plane z as given by 

= i^tW jj ^) ** (8 ' ,3> 

The previous approximation, which neglected the finite thickness of the pinhole 
aperture, and the cos 3 6 obliquity factor have enabled us to structure this expres- 
sion in convolutional form. We do this by making the substitutions 

x' = Mx and / = My 

giving 

tt** - 4nd i m 2 * \ M > M) W m) 

The capture efficiency of the system is simply based on the solid collection 
angle Q. Using the same simplifying approximations used in developing the 
impulse response, we have 

JJ( ) * JI A, (8 . 15) 

n{Z) ~4n~ 4nz 2 4nz 2 

Here we see the basic trade-off between efficiency and resolution as represented 
by the area A p of the pinhole. 

It is instructive to examine equation (8.14) to evaluate the intensity of the 
image as a function of depth. If the source is a small point, the intensity of the 
image will decrease with increasing depth as indicated by the (z + d) 2 factor in 
the denominator of (8.1 1). Thus, as the point source is moved farther away, the 
projected aperture image will become both smaller and less intense. 

The situation is different, however, for a large extended source whose 
lateral extent is appreciably greater than the extent of the projected aperture. 
Although the resolution and the magnification of the image vary with depth, the 
resultant intensity is depth independent. This can be appreciated by noting 
that the area of a(x/m, y\m)\m 2 is equal to A p for all m. Essentially, the z depen- 
dence in >7(z) = A p /4nz 2 is canceled by that of M 2 = d 2 /z\ Thus the detected 
photon density due to a broad area source at some plane z is independent of the 
distance z from the pinhole. This can be appreciated if we consider the photons 
collected by a point on the detector plane. As the source plane moves away, 
corresponding to increasing z, the collection efficiency goes down, but the source 
area seen by the point increases. These conflicting phenomena cancel and result 
in a z independence within the paraxial approximation. In general, with in- 
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creasing z, the detected image becomes smaller as the photon efficiency de- 
creases, maintaining the photon density. 

The impulse response of equation (8.11) and the resultant intensity of 
equation (8.13) could also have been derived using the "alternative analysis 
using planar object" described in Chapter 4. As shown in Fig. 4.13, the response 
due to an impulsian pinhole can be formulated as in equation (4.37). The system 
impulse response is then derived by integrating over the entire aperture function. 
The desired system response is obtained by substituting the source distribution 
S(x, y) for the x-ray source s(x 9 y) and substituting the aperture function a(x, y) 
for the transmission t(x, y). The magnification constants m and M must be 
appropriately defined to achieve the desired result. 

We have considered the intensity due to a specific plane. For the general 
case consisting of a volumetric source the resultant image is the linear super- 
position of the contribution due to all z planes in S(x, >>, z). The total integrated 
intensity is given by 

This result is distinctly different from that of projection radiography, where the 
volumetric object resulted in the nonlinear relationships of (4.41) and (4.42). In 
those cases it was necessary to use various approximations to linearize the system 
and allow the use of convolutional forms. 

Equation (8.16) has neglected the effects of the attenuation of the object. 
In general, each radiating source experiences the attenuation of the tissue before 
reaching the detector. Although the attenuation is relatively low at the high 
energies used, its effects can be considerable. One simplified approach is to 
assume that the tissue attenuation is a constant, equal to that of water. In that 
case, knowing the approximate outline of the region being studied, we can make 
a good estimate of the attenuation effect. For example, if the factor e~ M{ '-' ,} is 
included in equation (8.16), it will provide a significant attenuation correction. 
Here pi is the average attenuation coefficient of water or tissue at the energy used 
and z' is the distance of the border of the patient from the pinhole. 

The size of the aperture represents a fundamental trade-off between resolu- 
tion and efficiency. The total number of received photons is proportional to A p . 
Assume that it is desired to improve the system resolution by reducing the linear 
size of a resolution element by a factor of 2. Since the number of elements in the 
detector has increased by four, four times as many detected photons are re- 
quired to obtain the same statistics in each picture element. To improve the 
resolution of the imaging structure the width of the pinhole is halved, reducing 
the photon efficiency r\ by 4. Therefore, a 16: 1 increase in the number of emitted 
photons are required to halve the linear size of a picture element. Thus the 
photon requirement varies as the fourth power of the linear resolution. 

This fourth-power variation of the emitted photons with the linear 
dimensions of the aperture can be again seen by studying equation (8.14). This 
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equation represents intensity or photons per unit area. If multiplied by the 
projected pinhole area, m 2 A pi it will represent photons per element. The pro- 
jected source S(x/M,y/M) is therefore multiplied by A p and convolved with the 
aperture function whose area is A p . The required number of emitted photons, 
for a given number of photons per element, is therefore inversely proportional 
to A\ or the fourth power of the linear extent of the aperture a{x, y\ 

One significant difficulty with pinhole collimators is that the image magnifi- 
cation M varies inversely with depth. This can be significant in that lesions of 
unknown depth can appear with arbitrary magnification. This can be important 
in nuclear medicine, where there are few anatomical guidelines so that spatial 
distortions in an apparent lesion can be more serious. It is not apparent, there- 
fore, whether a small image represents a small lesion or a large distant lesion. 
As a result of this deficiency, pinhole collimators are normally used for viewing 
organs at known depths such as the thyroid gland. They are rarely used for 
inspecting a volume, such as the head, for tumors that might occur anywhere 
in the space. A photograph of a commercial pinhole collimator together with a 
typical thyroid image are shown in Fig. 8.7. 




FIG. 8.7 Pinhole collimator and a thyroid image made with the collimator. 



PARALLEL HOLE COLLIMATOR 



The parallel hole collimator [Anger, 1964] shown in Fig. 8.8 overcomes some of 
the problems of the pinhole collimator. In essence this structure is an attempt at 
collimating the emitted radiation so as to record an image having unity magni- 
fication at all depth planes. The region being studied is placed against the 
collimator so as to get all of the sources as close as possible. Unlike the pinhole 
the magnification does not vary with depth and is a constant at unity. 
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FIG. 8.8 Parallel-hole collimator imaging system. 



As shown in Fig. 8.8, the parallel hole collimator is a block of high attenua- 
tion material, usually lead, with an array of spaced parallel holes each having an 
opening a(x, y) and whose centers are separated by w in the x and y dimensions. 
The three-dimensional attenuation coefficient can be modeled as 

fi(x, y, z) = - a(x, y) ** comb comb (i)] rect ( * + ^ 12 ) ' ( 8 - 17 > 

In general each hole of the collimator is responsive primarily to activity in its 
vicinity. This accounts for the unity magnification. 

For a more detailed analysis we employ the general method suggested by 
Metz et al. [1980], where the collimator material is assumed to be perfectly 
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plaque. We then explore the geometric projection of point sources at various 
positions through the holes. It is evident, observing Fig. 8.8, that this will lead 
to a space-variant formulation. Clearly, the response will be different for a point 
fentered directly below a hole than one centered in a septal region between 
Jfeoles. Space-variant responses, although accurate, have questionable value in 
Systems analysis since they do not result in convolutional forms, nor do they 
•provide transfer functions in the frequency domain. For these reasons we use the 
concept of averaged responses as suggested in the Metz et al. paper. Since each 
source has uniform probability of being at each x, y position, we provide an 
Impulse response averaged over collimator position which is space invariant and 
if has the desired properties. 

£ The calculation of the impulse response is similar to that of the pinhole 
" collimator except for the finite thickness of the collimator. The result is similar 
to that of equations (4.5) through (4.10), where ^ 0 approaches infinity. This 
represents the rays reaching the detector which are not obscured by the colli- 
mator material. When the point source is at or near a region corresponding to 
the center of a hole, the impulse is simply the projection of the back aperture 
function nearest the detector, a magnified version of a(x, y\ As the point moves 
laterally, the rays begin to be obscurred by the front aperture function nearest 
the source, which has a larger magnification. The resultant response is the 
product of the two projections, as illustrated in Fig. 8.9. 

Figure 8.9 shows the projection for a single on-axis hole. Photons can reach 
the detector only at the intersection of the projections of the back and front 
apertures. In studying the systems response we use the same notation as that of 
the pinhole collimator, where m is the magnification of the projection of the hole 
and M is the lateral magnification of the source position. It must be empha- 
sized, however, that these magnifications are used solely in developing the sys- 
tem response. Clearly, the overall system magnification will be unity. Using the 
subscript 1 for the back aperture and 2 for the front aperture, we have 

z + L + d (818) 
z + L 

= z + L + d 19 ) 



and 

M, = -^- L (8-20) 

M^ = -±±k. (8.21) 

For notational convenience, let the lateral aperture function, in equation 
(8.17) be given by 

b(x, y) = a(x, y) ** comb comb (-£-). (8.22) 
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FIG. 8.9 Projection of a single-on-axis hole. 

Using this notation the response at detector coordinates x d , y d to an im- 
pulse at x\ y' at a depth z is given by 

Mx v * v'\ - cos3 9 bl x * z M * x ' y* ~ M ^' \ 

x h {*A ~ y± Z M *y'\ (8.23) 

where, as before, 6 is the obliquity angle of the rays from the normal. We again 
make the simplifying assumption that 0 is sufficiently small to ignore cos 3 0. 
This represents a stronger, more accurate, assumption than that of the pinhole 
collimator since only rays having small angles to the normal can penetrate a 
parallel hole collimator because of its thickness. 

The impulse response of (8.23) is clearly space variant and cannot conve- 
niently be used to find the image due to a general source distribution. Also, the 
affect of the collimator in the frequency domain cannot be studied. The space 
variance can be seen mathematically in that no change of variables can reduce 



Parallel Hole Collimator 161 



the expression to represent the difference of input and output coordinates. This 
is confirmed physically in studying Fig. 8.9 in that different source positions 
produce different intersections of the projections of the front and back aperture 
functions. 

As indicated, we will attempt to develop an average impulse response. In 
effect, we will move the collimator such that the origin moves over a period 
from — w/2 to w/2 in x and y and integrate the result. Our averaged impulse 
response is therefore 

Kx d ,y d , *',/) 

=*" , i^+r+W < 8 - 24 > 

where the y dependence in each expression for b is identical to that of jc and has 
been omitted for brevity. Equation (8.24) can be structured into a convenient 
autocorrelation form using the substitutions 

p = $t-iHr x ' ~ x > i=^--^y'-y < 8 - 25 > 

resulting in 

w/2 

Kx«y« x\ /) = Wz + l + dywi J* J b(p, f ) 

-w/2 

X b [p + s + t + d <* - *'>• ^ + z+ L L + d (y< ~ JO] dpdq (8:26) 

- eg + r + dy* r l7+TT-/ x < - ~ y>] < 8 - 27 > 

where T b (c } d) is the two-dimensional autocorrelation evaluated at c, d defined 
as 

w/2 

r»(c, d) = JJ 6(p, q)b(p + c,q+d) dpdq. (8.28) 

Equation (8.27) clearly illustrates the averaged space-invariant impulse re- 
sponse. Since the impulse response is directly proportional to the difference 
between the source and detector coordinates the system has unity magnification. 

The derivation was based on the lateral aperture function b(x, y) in equation 
(8.22), consisting of a regular array of apertures a{x, y). It is interesting to note 
that, under typical conditions, the intersection of the two aperture functions, as 
given in equations (8.24) and (8.26), includes just a single aperture. That is, a 
point source will produce an image only due to the single hole it is under, and 
none other. As we translate a point source from the axis, the area of overlap of 
the front- and back-projected aperture functions becomes less and less until it 
is zero. If the amount of translation at that point is less than w/2, half the dis- 
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tance between holes, then the point clearly cannot project through other holes. 
If it exceeds w/2 y the impulse response will involve a number of holes. 

If D represents the lateral extent of the hole a(x, y\ the condition for the 
impulse response to be based on a single aperture is given by 



corresponding to a depth range 

^ L(w - D) 

For most parallel hole collimators, typical depths will be within this range. 
Therefore, the average impulse response becomes 

Kx« y d ) = 4?r( ; + I + d)2w2 r a ( 7T j- ird Xd9 -^t+- d y) (8.31) 

where T a is the autocorrelation of the aperture a(x 9 y). Using this impulse 
response, the intensity due to a general source distribution S(x t y, z) is given by 



1 



4n(z + L + d) 2 w 2 

x l r °( z + i + d x *> z + L + d y *) ** * x * y* 2 >] dz - ( 8 - 32 ) 

It must be recalled that this detected intensity is based on an averaged impulse 
response which would occur if the collimator were scanned during the exposure. 
It also represents the estimated impulse response of this space-variant system. 

The efficiency is determined in the same way with the average efficiency fj 
determined by the average projection area as given by 

* = 4n{z + L + dyw* J7 T °(z + i + d Xd > * + L + d y ') dXddy * (8 * 33) 

Using the average impulse response we can develop a transfer function a(w, v) 
using the fact that the Fourier transform of an autocorrelation is the squared 
magnitude of the function's transform. The transfer function is given by 

a(u, v) = ${h{x d ,y d )} 

4nL*w 2 1 A \ L U ' L v ) \ (8 " 34) 

where A(u, v) is the transform of the aperture function a(x, y). This transfer 
function can be used to find the response due to any planar source as given by 

/>, v) = a(u, v)S(u, v) (8.35) 
where S(u, v) is the Fourier transform of a planar source distribution S(x, y). 



NOISE CONSIDERATIONS 



The noise considerations in nuclear medicine imaging are dominated by the 
Poisson statistics of the relatively few detected photons. Scatter is an additional 
noise source because of the limited energy-selective capability of trie detectors. 
The newer semiconductor detector systems have significantly greater energy 
resolution and thus provide greatly improved scatter rejection. This is often 
done, however, at some price in quantum efficiency. 

Although the photon statistics are much poorer than that of radiography, 
the regions of interest can be delineated because of the greater contrast. For 
example, a brain lesion is difficult to detect radiogfaphically since its attenuation 
coefficient differs only slightly from that of the surrounding tissue. As a result, 
the detection process requires large numbers of photons to reduce the standard 
deviation in the image. Conversely, in a nuclear medicine procedure the lesion 
takes up much more of the isotope than the surrounding tissue so that many 
fewer photons are required to distinguish the lesion. 

Assuming that we have a source emitting a background level of n counts 
per unit area, the noise or standard deviation of the measurement is given by 

a = *lw nA < 8 - 36 > 

where A is the area of a picture element in the image and rin/M z is the photon 
density at the image. The signal can be determined as in radiography, where C 
is the fractional difference between the photon density at the area of interest and 
the background resulting in a signal-to-noise ratio given by 

This assumes that the amplitude of the signal in the region of interest is 
unaffected by the blurring of the impulse response. A more accurate representa- 
tion involves defining the image signal as the difference in the number of photons 
per element at the center of the lesion and in the background. We therefore 
convolve the image with the impulse response, as in equations (8.14) and (8.31), 
and evaluate the convolution at the center of the lesion. This is equivalent to 
taking the integral of the product of the image distribution and the impulse 
response centered at the center of the lesion. The difference between this value 
in photons per picture element and the background determines the signal. 

The SNR is an interesting function of the aperture size in a pinhole imaging 
system. For example, assume that we are imaging a "cold" lesion such as occurs 
in the liver. This can be represented by a uniformly emitting area with a small 
nonemitting region representing the lesion. For a relatively small pinhole, the 
cold lesion is well resolved, so that the signal is equal to the background level 
since the value at the center of the lesion is zero. However, the low efficiency of 
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the small pinhole results in a low photon count and low SNR. As we increase 
the pinhole size, the photon count and SNR increases. However, at a certain 
aperture size, the lesion is no longer well resolved, so that the center of the 
lesion, due to convolution with the aperture function, is no longer zero. The 
reduced signal can then decrease the SNR. Clearly, there is an optimum size of 
pinhole aperture for each lesion size. 

The system can be analyzed assuming a planar source distribution con- 
sisting of a background photon density b(x> y) and a "lesion" density l(x, y) 
centered at jc 0 , y 0 as given by 

S(x, y) = b(x, y) + l(x - x 0 , y - y 0 )> (8.38) 

The signal is defined as the magnitude of the difference in photons per pixel, 
between the center of the lesion and the background. The impulse response 
K*d> yd) is used to determine the response at each region as given by 

signal = A J J h(x d - Mx Q , y d - My 0 )l(^ -x Q9 ^~ j> 0 ) dx d dy d (8.39) 

where A is the pixel area and M the magnification of the plane. The noise, as 
previously indicated, is the standard deviation of the background signal : 

noise = <Ja J J h(x d9 y d )bfy ^) dx d dy d (8.40) 

which, for b(x, y) equal to a constant n photons per unit area, becomes 
^qnAIM*. 



CODED APERTURE SYSTEMS 

In recent years there has been considerable research effort at imaging structures 
with increased capture efficiency as compared to the 10" 4 of pinhole and parallel 
hole collimators. One approach is the use of an imaging structure consisting of 
an array of pinholes known as a coded aperture plate [Barrett, 1972; Barrett et 
al., 1972]. This structure, shown in Fig. 8.10, is used in place of the pinhole in a 
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nuclear medicine camera. The resultant coded image is thus the convolution of 
the source with that of the aperture plate. This image must then be decoded, by 
a suitably magnified version of the aperture plate, to reconstruct the object at 
any plane. Since the convolution is a function of the depth plane, three-dimen- 
sional information is derived. In addition, the average transmission of the 
aperture plate can be made many times greater than that of the pinhole. Using 
the same notation as the pinhole analysis, the detected intensity due to a source 
at plane z is given by 

where S(x, y) is the source distribution at plane z, a(x, y) is the transmission of 
the aperture plate, and 

M =s —~ and m = L±J = , _ M (g.42) 
In decoding the detected image, we cross correlate with the appropriately 
gtonby VerSi ° n ° f aPertUrC PlatC t0 Pr ° Vide thC reconstructed ima 8 e as 

= . (8.43) 

- S fa 6) - [«& *) - if)} (8.44) 

-J^issi; ?u e nZ n r cted image » is * ven by the aut °- 

Thus an aperture plate should be chosen which has a high-amplitude 
narrow autocorrelation peak for good resolution and large open area for good 
efficiency. Examples are random pinhole arrays and Fresnel zone plates The 
latter can be reconstructed optically since propagation through space provides 
the desired correlation function. A different magnification m is used for each 
depth plane so as to reconstruct each depth region separately 

This imaging structure exhibits good performance for small sources For 
larger sources, however, comparable to the size of the coded aperture, the noise 
performance is considerably degraded. The basic problem arises from the non- 
negative nature of the aperture function a(x, y). Its autocorrelation, for an aper- 
ture containing a large number of holes, will consist of a narrow central peak 
having a normalized value of n, the number of holes, and a large background 
pedestal having a value of about unity, corresponding to the overlap of single 
holes in the autocorrelation. The convolution with this function essentially 
produces an image that is amplified by n, plus an integral of the image as a result 
of the large background pedestal of the function. 
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It is instructive to compare the signal-to-noise ratio of a single pinhole 
system to that of a coded aperture with n pinholes each having the same size. 
The signal-to-noise ratio of a uniform region using the single pinhole is given by 

SNR pinhole = JL = (8.46) 

where N is the number of detected photons per picture element. In the multiple 
aperture plate the signal is given by nN because of the autocorrelation function. 
The variance is the sum of the noise due to the narrow peak in the autocorrela- 
tion and the integrated sum of the sources due to the large pedastal. Since these 
are independent, the variance is given by 

(variance) multiple aperture = nN + mN (8.47) 

where m is the number of equal intensity sources. The resultant signal-to-noise 
ratio is given by 

SNR muItIpI , , pertur . = ^J^_ mN = (8>48) 

For small sources, where n^> m, this becomes 

~ JUjN = Jn SNR pinhole (8.49) 

where the improvement is obvious. For large sources m ^> n the signal-to-noise 
ratio significantly deteriorates. For highly extended sources the resultant signal- 
to-noise ratio is poorer than that of the single pinhole so that the coded aperture 
system results in poorer noise performance. However, it continues to provide 
depth information which the single pinhole does not. Improved versions of these 
imaging systems are presently under study. 



TOMOGRAPHIC SOURCE IMAGING 



To avoid dealing with a projection of a volumetric object, tomographic systems 
are used to provide three-dimensional information. These have direct analogies 
with x-ray tomographic systems, so that we can rely heavily on the results of 
Chapter 7. For example, a simple motion tomography system can be created 
from the pinhole imaging system of Fig. 8.6 by moving the pinhole in a line 
pattern described by f(x, y) with the detector moved in a magnified pattern 
f(xjm, yjm). This will result in the image at plane z remaining in focus and the 
others being blurred by varying amounts. 

As with radiography, motion tomography provides limited improvement 
since the intermediate planes are still present. Computerized tomography pro- 
vides isolated sections of the three-dimensional volume completely free of inter- 
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mediate structures [Budinger and Gullberg, 1974]. Here the data are acquired 
with a basic nuclear medicine camera, usually using a parallel hole collimator 
moved around the patient to collect an array of projection images at many 
angles. These data are processed exactly as described in Chapter 7 where each 
measurement represents the line integrals of the sources at a particular angle 
The reconstruction usually uses the convolution-back projection algorithm 
described m detail in Chapter 7. Because of the sensitivity of these reconstruction 
systems it is particularly important to correct for attenuation so as to obtain 
the true line integrals of the source distribution. This can be accomplished by 
assuming a fixed value of /i as previously indicated. For greater accuracy 
however, we can use an external source at the same energy as the isotope being 
imaged to provide a reconstruction of M (x, y) using transmission computerized 
tomography. These values are then used to correct for the measured projections 
of the source distribution. 

In nuclear medicine, using a parallel hole collimator, at each projection 
angle we simultaneously measure the projections of an array of planar sections. 
The complete reconstruction is therefore an array of continuous sections of the 
volume. A typical series of reconstructions of the brain is shown in Fig 8 1 1 




(a) 



(b) 



FIG. 8.11 Conventional and cross-sectional reconstruction images of the 
brain. (Courtesy of the General Electric Medical Systems Division.) 

In this study conventional projection images of the activity of the brain are 
compared to cross-sectional reconstruction. The patient had a lesion in the left 
temporal lobe which was not visible on the projection images. To provide the 
cross-sectional reconstruction, 64 views were acquired at a rate of 30 seconds 
per view. These were reconstructed and examined. The lesion appears on the 
transverse and sagittal sections shown. It is clear that in this case the projection 
images representing the superimposed activity of all planes, failed to demon- 
strate the disease. 



POSITRON IMAGING 



Positron emitters generate a unique configuration of gamma rays. Each emitted 
positron almost immediately interacts with an electron to produce an annihila- 
tion event which generates two gamma rays each having energies of 510 kev and 
at almost exactly opposite directions [Meredith and Massey, 1977; Johns and 
Cunningham, 1974]. This phenomenon gives rise to a camera system shown in 
Mg. 8. 12. Here a pair of two-dimensional position-indicating detectors are used 
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FIG. 8.12 Positron imaging system. 

on either side of the subject. These can be either discrete arrays of detectors or 
Anger cameras as previously described. The energy-selective mechanisms of the 
detectors are set for 510 kev. When an annihilation event occurs, two photons 
travel to the individual detectors. A coincidence detector records an output event 
only m response to gamma rays being received at both detectors. This helps to 
eliminate various undesired events, such as Compton-scattered photons. Fol- 
lowing a coincidence, the source position can be estimated for a known depth 
plane as given by v 



x = 



x,z 



1*2 



+ 



** Zi . f. - yi z * | v-z,_ 



(8.50) 



Z \ + Z 2 ' Z t + Z 2 

where s *„ y t and x 2 , y 2 are the coordinates of the first and second detectors and 
z, and are the respective distances from the detectors to the source point In 
general, a g,ven plane of interest is studied so that the reconstruction is accurate 
in that plane and blurred for other planes as with motion tomography. The 
significant feature .s that no collimators are required. The only limitation to the 
photon collection angle is the size of the detecting planes themselves. 

One method of avoiding the blurring from other planes is to measure the 
difference of arrival time of the pair of photons and use that information to 
determine the source plane. Unfortunately, considering the velocity of light it 
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would require 30-picosend accuracy to provide 1.0-cm-depth resolution. That is 
well beyond our present electronic capability, both in the detection and proces- 
sing systems. This method does, however, have interesting potential for the 
future. 

A recent exciting approach to the reconstruction, which avoids the overlap 
of planes, is the line integral technique discussed in Chapter 7 in the section on 
computerized tomography. If we sum up all the coincidence events reaching 
each pair of detector locations x u y x and x 2 , y 2 , we will have calculated the line 
integral of all the sources along that line. Having the line integral measurement 
over all angles and positions, we can then reconstruct the complete source dis- 
tribution. 

A system for accomplishing that specific task is the positron ring shown in 
Fig. 8.13 [Ter-Pogossian et al., 1975]. This system is used to reconstruct the 
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FIG. 8.13 Positron ring detector. 
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sources in a plane. The sum of coincident events in each detector pair around the 
ring represents the desired line integral. Since the line integral is available for a 
complete range of angles and positions, the reconstruction techniques used can 
be the same as those discussed in Chapter 7. The attenuation should again be 
considered, although, at these higher energies of 510 kev, it is somewhat less of 
a problem. 

Positron imaging has two inherent limitations to its ultimate resolution. 
These are the range of the positron between its point of creation at the isotype 
and its point of annihilation, and the departure from 180° of the two photons 
because of the momentum of the positron. It should be emphasized, however, 
that in present systems the position detection accuracy, photon statistics, and 
sampling are the major limitations which provide a lateral resolution in the order 
of 1.0 cm. One practical difficulty in the use of these cameras is that many of 
the desirable isotopes imjst be produced by an on-site cyclotron. However, some 
of the resultant images represent outstanding delineations of perfusion and 
metabolism which are unavailable using other modalities. 



8.1 In a pinhole source imaging system, the aperture a(x, y) = rect(x/Af) rect 
(yj Y). During the exposure the aperture center is translated from x = 
— DJ2 to x = DJ2 while the detector center is translated from x d = —D 2 /2 
to x d = D 2 /2 in the same direction, where D 2 > D u 

(a) At what plane is the image not degrated by the motions? 

(b) Find the resultant recorded point response function h(x di y d ) as a func- 
tion of depth 2. 

8.2 A source consists of an infinite sheet of isotropically radiating material 
emitting n photons/unit area and has a nonemitting hole of radius a (Fig. 
P8.2). The source is imaged with a circular pinhole of radius b as shown 
using a pixel area A. The signal is defined as the difference in the number of 
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photons per pixel between the background level of the image and the level 
at the center of the hole. 

(a) Find the signal-to-noise ratio versus b. [Hint: Use analytic expressions 
for two ranges of b.] 

(b) Find the pinhole size that maximizes the signal-to-noise ratio. 

8.3 A source consists of an infinite sheet of isotropically radiating material 
emitting n photons per unit area and has a nonemitting rectangular hole 
D X 2D. The source is imaged with a B X B square pinhole a distance z 
from the source and d from the detector. The signal is defined as the differ- 
ence in photons per pixel between the background and the center of the 
hole image. The area of a pixel is A. 

(a) Calculate SNR versus B. 

(b) Find the size of B for optimum SNR. 

8.4 An infinite planar source having a photon emission density « 0 (1 + p cos 
2nf Q x) is imaged using a pinhole system with a source to pinhole distance z 
and a pinhole to detector distance ± The signal is defined as the peak of the 
number of photons per pixel of the detected sinusoid. Assume a pixel area 



(a) Find an expression for the signal-to-noise ratio for a general aperture 
a(x, y). 

(b) For an aperture having a Gaussian transmission, e~ {r/b) \ find the value 
of b that maximizes the signal-to-noise ratio. 

8.5 The same source as in Problem 8.4 is imaged using a parallel hole collimator 
having a thickness L with circular holes of diameter D. Calculate the signal- 
to-noise ratio assuming that the impulse response is limited to the projection 
of a single hole. 

8.6 As shown in Fig. P8.6, a pinhole imaging system of radius R is used to 
image a volumetric source distribution of thickness L, having a cylindrical 



of A. 
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hole of diameter D, where D/2 > R, and emitting n photons per unit vol- 
ume. The signal is defined as the difference in photons per pixel of the 
background level and the center of the hole image. Assuming a pixel area of 
A, calculate the SNR versus z 0 , the depth of the emitting source. 

8.7 A parallel hole collimator has D X D square holes whose centers are 
separated by w in both dimensions, a thickness L with the detector plane a 
distance d from the top of the collimator. A planar source a distance z Q 
from the bottom of the collimator has a distribution of n 0 \ 1 — rect (x/B) 
rect (y/B)] photons per unit area. Assume the hole separation is such that 
the impulse response at z 0 involves a single hole. Using the average impulse 
response and a pixel area of A, calculate the SNR. 



V 
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Basic Ultrasonic Imaging 



In this chapter the basic concepts of ultrasonic imaging [Wells, 1969; Woodcock, 
1979] are introduced using a simplified model and some reasonable approxi- 
mations. Although these simplifications and approximations lead to some in- 
accuracies, they do form the basis of most current medical ultrasonic imaging 
instruments. 

This chapter is limited to the reflection imaging modality, where, as in 
radar, ultrasonic pulses are propagated through the body, causing reflected 
waves to occur at various discontinuities throughout the path of the propagated 
bjlpn. Reflection or echo imaging is thus far the only one that has achieved 
commercial use. Other ultrasonic imaging modalities, which have thus far 
achieved only experimental use, are considered in Chapter 1 1 . 

This imaging modality is made possible by the relatively slow velocity of 
propagation of about 1500 meters/sec. This represents about a 333-//sec round 
"trip time through 25 cm. In this time scale it is relatively simple for modern 
electronic circuitry to distinguish reflections at different depths with good resolu- 
tion. This is in sharp distinction to the x-ray region, where the energy travels at 
the speed of light, 3 x 10 8 meters/sec. At these speeds it would require pico- 
second accuracies to distinguish various depths in the body. Current electronic 
techniques have not yet reached this capability. As a result, x-ray imaging, as 
has been described, is limited to the transmission modality. 
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Another fundamental characteristic of reflection ultrasonic imaging is the 
direct acquisition of three-dimensional information. X-ray imaging systems 
basically acquire projection information or line integrals of the attenuation coef- 
ficient. In these systems three-dimensional information can be acquired only 
indirectly through computer reconstructions of many projections, as described 
in Chapter 7. In ultrasound, however, the received signal directly indicates the 
reflectivity of the object in three dimensions. The propagating beam pattern 
defines the lateral coordinates, and the round-trip time of the reflected pulse 
defines the depth coordinate. Thus each received pulse directly represents the 
reflectivity at a point in object space. 

In this chapter we use many assumptions and approximations on the char- 
acteristics of the volume of the body being studied and on the nature of the 
propagating wave. In each case we indicate the degree to which these assump- 
tions are valid. In the case of the propagating wave we include three analyses, 
each having a different degree of accuracy. This approach will be continued into 
the next chapter in the study of arrays. 



BASIC REFLECTION IMAGING 



A basic reflection imaging arrangement is illustrated in Fig. 9.1. With the switch 
thrown in the transmit position, the pulse waveform p{f) excites the transducer, 
resulting in the propagated wavefronts shown in the solid lines. Immediately 
following the pulse transmission the switch is thrown into the receive position 
using the same transducer. When the wavefront hits a discontinuity, as shown, a 
scattered wave is produced having the directions indicated by the dashed lines. 
This scattered wave is received by the same transducer and the resultant signal 
is processed and displayed. The processing usually consists of bandpass filtering, 
gain control, and envelope detection. 
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FIG. 9.1 Basic reflection imaging system. 
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As anJmfeljy?proxLn^ the diameter or extent of the 

face of the transducer is very Jarge^as.CQinpared to the wavden^ 
agating wave. Under these circumstances the propagating wave approaches a 
^geometnc extension of the transducer face s(x r y) Diffraction spreading can be 
ignored under these circumstances. We^also..assume th&Ohe jyMe propagates 
wutr a velocity c which is unifori^throu^out the body and is attenuated with 
aj^attenuation coefficient a which is also uniform. If we model the body as an 
array onsjrtroj^^ 1977] having. a reflect^ 

resultant processed signal e(t) is given by 



e(0 = k\ JJJ e -^R(x,y t z)s(x,y)p(t - ^jdxdydz 



(9.1) 



where ^ 
the rguad-trip^di 

wave, and p(t - ■ 2z/c) is the recefveU^ulse^^ 2z/c 
and^ m^odified^by ^t^^riousJi.Dear„pxQCjesses. Thus pjj), the received pulse, is 
the co^y^^ of the 

txansduse^n^^ includes a 

derivative operator which is basic to the propagation phenomena, since it is 
the change in the ultrasonic parameters, such as pressure, which gives rise to the 
propagating wave. The absolute _value used xeprgs ents the envelope detection T 
whic h is phase insensitive. The 1/z factor is the loss in amplitude of the reflected 
wavedu e to diffractio n^ spr ead imT from each scatterer as illustrated in Fig. 9. 1 . 

In genera^ equation (9.1) should have the JransduceLcharacteristic s(x, y) 
s^uarepLjinced^ transmitted and received pattern. Thus 

s(x 9 y) is both the lateral insonification function and the lateral receiver sensi- 
tivity function. However, in this. simplified where we ignore diffraction^ 
we2yre^lsQ„assuming..thaL^ 

ejse where. This is a reasonable, apprqxm which are 

operatingm the piston mode, 

R(x 9 y, z) has been assumed to be a scalar in that the reflectivity is inde - 
pendent of the angle of approach of the uTtrasojiic^ [N icholas, 1977], This 
is accurate for struct ures that are small cgmrjared to a wavelength an d thus 
app roach isotropic scatteri ng. It is aTsojiccu rate f^reT atL veTv lar^ ejireas whose 
j:ms roughness is large as compared to a wavelength and thus become diffusely 
scattering in an almost isotropic fashion. For relatively sm ooth large surface s, 
however, which give rise to spec ular reflpr'tions, the model islnaccurate sinc e 

th e refle ctiojid^ on the angle of approach of the be am and thus 

b ecomes a complex vectoST problem . This will be consideredlater in the chapter. 

Another assumption on the reflectivity R(x, y, z) i§uthat- it 4s„ja weakly?.. 
reflect 

Jh.at ^ secpnd-prder reflections equation (9.1) would 

become significantly more complex so as to include the multiple bounces from 
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various scatterers. This assumption is quite good in practice since the reflectance 
of most biological structures is quite small. Multiple reflections can. occur, at 
interfaces between tissue and bone, or tissue and air where strong reflections 
occur. These areas, however, have a variety of ultrasonic imaging problems and 
are generally considered unsuitable. Various properties of tissue, including 
reflectivity, velocity, and attenuation, will be presented toward the end of this 
chapter. 



ATTENUATION CORRECTION 



To simplify equation (9.1) w e make use of the fact that the attemia tioiilunctions 
e~ 2 *' and 1/z vary relatively slowly with z. The received pulse p(2z/c) 9 however, 
is a relatively narrow pulse and occupies only a narrow depth range as it prop- 
agates. This is essential for good depth resolution. As a result the function 
p(t — 2z/c) in equation (9.1) acts as a delta function as far as e~ 1<tz lz is con- 
cerned, resulting in the approximate output signal 



(9.2) 



In essentially all ultrasonic imaging systems the signal processor includes a 
system of time-varying gain tQ^nmpe.nsate for the attenua tion and di ffraction 
.spreading . Thus a compensated output signal e c (t) is produced which is the 
original output e(i) multiplied by the time-varying g^in g(t) = rtP* et as given by 

_e c (0 = g(*)e(0 = cte*«e(t). (9.3) 
Using the time-varying gain the compensated output signal becomes 

e£t) = K\ JJJ R(x 9 y, z)s{x y y)p(t - *f)dxdydz\- (9.4) 

It is convenient and instructive to structure this resultant signal in convolutional 
form as given by 

e£t) = K | R (x, y y ^) *** ~y)P(0 evaluated at x = 0, y - 0 (9.5) 

where the triple asterisk represents a three-dimensional convolution. 



THE A SCAN 



The signal e c (t) should Ideally represent the reflectivity, as a function of time, 
along the x = 0, y = 0 axis of the_body with^ time ^ representing the various 
, depths. In practice, this signal is used to deflect the beam of a synchronously 
driven display device with the beam deflection representing reflectivity versus 
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tJlsV^l' !, 969] K Wha V' S aCtUa " y disp,ayed is an estimate of the reflectivity 
R{0, 0, z) which is obtained by scanning the display at the velocity c/2 as given by 

*(0,0,z) = je c (t)S(<-liy t 

k^,z)^K\R {x ,y tZ) ^ p (^y x ^ ^ tedatx = Qy==0 (9 - 6) 

To be precise (9.6) should use s(-x, -y) in the convolution relationship. How- 
ever rather than carry around this awkward notation, we can assume that 
s{x y) refers to an inverted source pattern. This represents no problem since, in 
both our examples and in commercial practice, symmetrical transducers are 
used where s{x,y) = - y) . The estimate Q ' f the reflectivity a , an 
other line, *(*„ y 0 , z), is found by simply moving' the transducer to the point 
*o. JK. with the convolution evaluated as x = x 0 and y = y 0 . Here we see the 
fundamental resolution limits oLultrasonicJinMmg^here the lateral resolution 
.s.l.mued by.the.beam pattern s(x, y) and the axial or depth resolution is limited ' 
by the received pulse waveform p(2z/c). A rectangular pulse, 3(t) = rect (tlx) 
results m a depth response of rect (2z/cr). The volumetric resolution element 
is the product of these lateral and depth functions. 

This display of reflectivity as a function of depth, by deflecting the beam of 
a cathode ray tube, ,s known as an A scan. A typical A scan of the eye is shown 

• i !?• v 1 hCSe Widdy USed to stud y various oth er disease processes, 
including head injuries. In cases of head injury these scans are often used to 
find the pos.t.on of the brain midline. A shift of this midline position can indi- 
cate bleeding and the need for urgent surgery. 




FIG. 9.2 >n A scan of an eye which is normal except for a mild cataract in 
the lens. The first echo on the left is due to the cornea, with the next two 
representing the front and back of the lens. The small echo within the lens 
is the cataract. The next echo is the back of the eye, followed by an array 
of echoes due to retrobullar fat. 



THE M MODE 



«/ ,» «ft™ interested in the study of time-varying regions, such as the heart, 
^rfth" 

be modeled as a time-varying reflectivity funct,on ^ A 0- A sequence 
repetitive A scans are recorded separated by time T, where 

T > 2^ (9.7) 
c 

where 2z m Jc is the round-trip propagation time^to the maximumHdepth.^.,. 
the compensated output signal e c (f) is then given by 

* Vines are recorded in a time interval (AT + \)T. 

♦u » a. anatomv i« stationary over each round-trip time 2r m „/c. The rouna trip 
torfSrSS^TTL, mU „*«* .0 any .oa.o^a, n,o«,o». 
Therefore, equation (9.8) can be rewritten as 

ec(0 -*£|JfJ * * (' - nT - T) (9 - 9) 

^^SS^SE - displayed as intensity ^ - > djjjj 
rather than deflection as with the A scan. The scans are arranged ma rasU 

and consists of a sequence of A scans as given by 

£(0,0, = Kt,\R(x,y,z,nT)***pi^)s(x,y)\ 

evaluated at x = 0,^ = 0 (9.10) 

W here the convolution is with respect to the spatial coordinates * y and z 
A typical M-mode scan of the mitral valve is shown in F,g^ 9_3, wte e 
j, axis represents , or depth and the * axis the quantized tune nT. The total time 
corresponds to about four heartbeats. 



CROSS-SECTIONAL IMAGING OR B MODE 

The most popular presentation is the B scan or B mode, ^^f^^. 
of a To dimensional slice through a portion of the anatomy [Wpo^pck, 1979]. 

These data are usually acquired by linearly scannmg thejraj^cer pLFig. 
9 1 aT^untl velocity. Fofexample, assume that we wish to form a cross- 
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nT 



FIG. 9.3 A/-mode scan of the heart in the region of the mitral valve. The 
valve leaflet is shown undergoing significant motion during each heartbeat. 
The dark bands immediately above the initial valve are the reflections 
from the septum, separating the left and right chambers of the heart. This 
region undergoes negligible motion. (Courtesy of the General Electric 
Medical Systems Division.) 

sectional image of the y — y 0 plane. The transducer is translated in the x direc- 
tion at a uniform velocity v along y = y 0 . As with the M mode, a sequence of 
scans of time Tare produced as the transducer is translated. The compensated 
output is given by 

e£t) - K f o | JJJ R(x, y, z)s(x - vt, y - y 0 )p(t - nT - ^dxdydz 

(9.11) 

The reflectivity R(x, y, z) is assumed to be constant during the. generation of 
th^mage since little or no motion takes place in the body. 

The transducer is assumed to be essentially stationary during each round- 
trip time T, providing an output signal 

e c (f) - K £ 1 1 J J y> z)s{x -vnT 9 y- y Q )p (t - nT - ^) dxdydz 

(9.12) 

As with^he M mode, the output signal from each scan line is used to 
intensity-modulate a line in a raster display. This display provides an estimate 
of the reflectivity in the y Q plane as given by 



N 
n = 0 



R(x, y, z)***s(x, y)p(?f)\ 

evaluated at x = vnT and y = y Q . (9.13) 
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The B scan represents, by far, the most widely used modality in ultrasonic 
imaging. It provides a direct representation of the cross-sectional anatomy which 
can be readily evaluated. A typical B-scan system with a manually translated 
arm is shown in Fig. 9.4. 



mm 




FIG. 9.4 Manually scanned 5-mode system. (Courtesy of Siemens Gam- 
masonics, Inc., Vetrasound Division.) 

An abdominal B scan is shown in Fig. 9.5. This is an image of the liver 
where the upper border is the skin line along which the transducer was scanned. 
The hepatic vein is clearly shown. The curved lower boundary is the diaphragm. 

This analysis was made with certain assumptions about the ultrasonic 
model of the region of the body being studied and of the nature of the propaga- 
tion phenomenon. The region was assumed to have a constant velocity of propa- 
gation c, constant attenuation a, and composed of an array of weakly reflecting 
isotropic scatterers. The propagation phenomenon of the transmitted wave was 
assumed to be governed by geometric optics with diffraction neglected. We now 
proceed to examine these more closely and to refine them where appropriate. 

We first consider the important problem of diffraction spreading and then 
consider our ultrasonic model of tissue. 
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FIG. 9.5 B scan of the liver. (Courtesy of the General Electric Systems Division.) 



DIFFRACTION FORMULATION 

Diffraction spreading [Goodman, 1968; Norton, 1976] due to the relatively 
large ultrasonic wavelength represents the major factor determining the resolu- 
tion limits in ultrasonic imaging. In studying the diffraction problem we con- 
sider the propagation, igno ring attenua tion, bet ween a point on the transduce r 
in the x n , y n plane and a point at dep STTm^tgej ^, y z plane as shown in Fig. 9.6. 

The basic propagation delay is modeledby^/"— r 0 Jc) 9 indicating a delay 
of-"* 

r -f where r Qs = ^z* + (x Q - x,y + (y Q - JJ\ 



TRANSDUCER 
sUq, y Q ) 




FIG. 9.6 Basic propagation model. 
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A number of linear operations affect the resultant waveform, including the 
derivative operation which is basic to the propagation phenomenon and the 
transducer characteristics. For convenience these are combined into a single 
impulse response a{i). Thus the overall impulse response representing the signal 
received is given by 

h(x 0 ,y 0 ;x„y,; t) = [d(t - r -f) * a(t)]^ (9.14) 

^here the zlrL term rep resents the product of an ^ iAliauity. fact or z/r a „ the 
cosine of the angle of incidence, and l/r n » thejncrrnaj falloff with distance qfjn 
i sotropic radiator. 

~~ We will use the impulse response h to find the field amplitude at any plane 

z due to ^asign ^at the transducer plane whemx^-QJIhis field amplitude can 
represent any of the following incremental parameters of the medium, including 
particle displacement, particle velocity, density, and pressure. These are all 
small-signal quantities representing departures from larger equilibrium values. 
The derivative operation previously referred to as a component of the linear 
filtering a(f) indicates that a change in a parameter is required for propagation to 
occur. For example, the pressure measured at some point is proportional to the 
rate of change of pressure at a source point. 

Consider a transducer at the origin driven by a sinusoidal burst providing 
a field amplitude given by 

«(*o, y 0 , 0 = s(x 0 , y 0 )p(t) exp (-/a>oO ( 9 - 15 ) 
where s(x 0 , y 0 ) is the spatiaUmplitud^distrihiitio nat thejransducer, XO is * he 
pulseepj^lope, a nd exp (-ico 0 t ) is thesinus oidal carrier aX aJ^utncyco*. The 
field amplitude at any r™y' n r lan * 7 Hllft tn a radiatin fl pointon the transducer 
is found b y convolution wi&L theJrrmj^re^Ullbe on^^^A4) The total 
fidd amplitude at plane z, u(x„y 2 ,t) 9 is found by convolvingWitE equation 
(9.14) and integrating over the entire transducer plane as given by 

fej ^o = Jj u ( x <» y*> *> * h ^ dx of y^ (9,l6) 

where thy^^ 1 "*^ is with respect tojime. Substituting for u(x 0 , y 0 , t) and 
performingtKeconvolution gives^ 

u(x„y„ 0 = J J s(x 09 y 0 )p(t - ?f) exp Qkr 0j ){£j dx Q dy Q 

X exp(-/ct) o 0^(O (9.17) 

where the wavenumber k = o 0 /c = InjL Equation (9.17) thus represents the 
insonification pattern at plane z. The integral operation provides the lateral 
extent of the pattern or its lateral resolution. The temporal ^ 
depth resolution, as will he-shown, 

jniejnsQnifiG^^ now studv the 

response from thejtflected^^^ 
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reflecting point at x 29 y zy the received signal e h (t) is given by 

e h (x„y„t) = u(x„j> n O*[*(' - ^f) *Kt)]^s(x 0 ,y 0 )dx 0 dy Q (9.18) 

where <S( / ™ - r^Jr) kJ:he impuls e response from thejre flecdng^poinLto each point 
in the transducers ^ represents the linear_opej|ations^betweejL-the reflecting 
RointandJheje^ceivfid electrical sigpaVand z\r\ z is again the falloffin amplitude 
with distance, including the obliquity factor zjr Qz . The signal due to the reflecting 
point is thus derived by integrating over the transducer area s(x Q , y Q ). Performing 
the temporal convolution e h (i) becomes 

y„ t) = J J [ J J s(x 0 , y Q ) exp (ikr 0z )p (t - r -f - ^) </*o^o] 

X s(x' 0 , f 0 ) exp (tt/J t ) (Jr?) dxW*e~ i0i « * fl(0 * b(t) (9. 1 9) 

where the primed coordinates are used to distinguish the integration of the 
reflected components. The uncompensated envelope response e(t) for a general 
object with reflectivity R(x, y, z) having a uniform attenuation a is then given by 



e(t) = I JJ J e- 2 *'R(x, y, z)e h (x, y, t)dxdydz 



(9.20) 



STEADY-STATE APPROXIMATIONS 
TO £HE DIFFRACTION FORMULATION 

In equations (9.17) and (9.19) the pulse envelope p{t) appears in the spatial 
integral defining the system spatial response. Ehy^jcally, the transmitted pulse 
f rom diffjeje iiL. po . rtion .s.^o f t he transduc er arrives at ftar.h reflating point at 
different times , and the reflected pulse arrives at different port ions of the tran s- 
ducer at differ e nt time s ,. Tf the p^fc e is rel atively short, the resultant transducer 
output will dep end on wh ich port ion is being excited. For very long pulse e.rivel- 
opgsJ lowever. the e ntire transduc er is excited hy essentially the ** m ? s j niI s£wj^ 
w^efornis o that a steadv-state analysis represents a f^o ^approxim atkH*. . 
In making the steady-state approximation, we assume that 

,(,- 2M) (9.21) 

wlugh-fflakes^y (-) md epend em^^^and^^and allows it to be moved outside the 
integral in equations (9.17) and (9.19), where it affects _oBlyJ^sgral v pr depth 
^solution, not Jatenri resolution^ Pjb^sicall&j^ that the envelope 

of thejxaramit^ p a rt s ofJLhe transducer ar ri ve s at e ac h 

<Tepth plane z at appr oxjmju^ejl^ the wavefo rms refl ected^ 

o ff each reflecting point arrive at alLpiirlions of the transducer at approximately^ 
t he samej ^me. Thus the lateral resolution considerations are governed solely by 
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.tjie relatjye^phases of the received waveforms at different portions of the trans- 
ducer, not by the enydope.pCO, 

To estimate the validity of this steady-state approximation, we can calcu- 
late the maximum delay difference between t he center a ndjedg6 of a transducer 
o f extent g jfora ^ reflecting p oint in the center of the bea m. L For^Ke""steadv=state :: 
approximation to hold, thp HiiratmrTx the pulse envelope p (t) should b e long 
compared to this delay~alrlerence^ T his ensures^that the entireJ LransJuceris 
^^simujtajneQ^^ Thus the approximation 

criterion may be stated as 

T> ro '-~ Z (9.22) 



where r 0Tamx = ^(D/2) 2, + z 2 . Since relatively narrow angles are usually in- 
volved, we can use the approximation r QZmt% z + (D/2) 2 /2z, providing a cri- 
terion for the steady-state* approximation given by 

T»|g. (9.23) 

Fgr^tFaftedu c er size of i> ^==-JLcnL and a d epth of z = 10 cm, the pulseduration 
must be significantly greater- than This is achievecTby jn^st^stons 

gjprp Hnratinns_nf ah^nt 1 Qjise c are typ icaL HoweWrfor larger transducers or 
shorter depths, this steady-state approximation will be poor. A more accurate 
analysis will be considered subsequently. 

Applying the steady-state approximation of (9.21), the transmitted field 
amplitude at depth z is given by 

u(x x ,y„ i) = [J*| s(x 09 y Q ) exp(ikr Ql )(^dx 0 dy Q ^ 

X P (* ~ y) exp (- ico 0 t) * a(t) (9.24) 

where the lateral and temporal or depth resolution functions are clearly sepa- 
rated. The overall round-trip response to a point reflector e h (x„ y tt i) using 
equation (9.19) then becomes 

e h (0 ~ [| | s(x 0y y 0 ) exp ikr 0 , (-*-) dx Q dy 0 J e~^p (t - ^) (9.25) 

where p(t) is the effective pulse envelope considering all the linear processes 
where 

p{t-^) e-'o* = p (r - e-"°« * a(t) * b(t). (9.26) 

The envelope-detected output of the system using a generalized object and 
compensated for tissue attenuation is then given by 

e c (0 = #| || | R(x,y 9 z)[|| s(x Q , y o y*'<>(£)dx Q dy Q J p(t - ^dxdyd: 

(9.27) 
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yote in equations (9.25) and (9.27) that the integration defining the lateral 
resolution is squared because of the symmetry of the transmitting and receiving 
operation. Thus, in the steady-state approximation, the overall lateral resolu- 
tion is the product of the identical transmitter and receiver patterns. We will now 
proceed to study approximations to the lateral response function in the brackets 
so as to make the resultant expressions more tractable and subject to analysis. 
We separate out the lateral response of the transmit and receive operations as 
given by 

h(x„ y z ) = 1 1 s(x 0 , y Q ) exp (ikr 0t ) (j^j dx 0 dy Q . (9.28) 

As a first approximation we apply the paraxial approximation where- the' 
z\r\ z term becomes 1/z since z r 0z near the axis. It should be emphasized that 
this approximation is relatively insensitive because of the multiplicative effect of 
this term. This is in sharp distinction to the r 0j term in the exponent because of 
its greater sensitivity. The approximations of r Qz in the exponent are divided into 
the Fresnel and Fraunhofer regions, often referred to as the near-field and far- 
field regions. 

FRESNEL APPROXIMATION 

In the Fresnel region [Goodman, 1968] we approximate r 0z in the exponent as 
the first two terms of the binomial expansion of 

^ ro , = z Ji + ix ^ x *r + (y<>-yJ l (9.29) 

as given by 

ror ^ z + (*o-**) 2 +0'o-j0 2 . (9.30) ' 

Lz 

.This approximation is valid in regions where z 3 ^> (n/4X)[(x 0 — x z ) 2 + 
(jo — y*) 2 ]max- This inequality ensures that the exponent due to the third term 
in the binomial expansion is significant^ unity. As in optics, this 

approximation is quite accurate for systems with reasonable angular fields. The 
lateral response at plane z with the Fresnel approximation becomes 

h(x„ y z ) = h(x, y, 1) = ^£^) ** eX p + y*)] (9.31) 

where the convolution formulation and the generalized x, y coordinates have 
been used for convenience. The phase factor exp (ikz) represents the phase shift 
_^4Lff?xent_depths. The convenient convolution form can be used since, using 
the Fresnel approximation, the impulse response is space invariant, depending 
solely on the difference between the spatial coordinates. 

This impulse response can be used to find the field amplitude h(x zi y z ) at 
any plane z due to any transducer distribution s(x, y). The effect of this convolu- 
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tion is relatively complex. The amplitude distribution of a circular disk trans- 
ducer is shown in Fig. 9.7. As is seen, the field amplitude in the immediate 
vicinity of the transducer has an oscillatory pattern whose extent is approxi- 
mately a geometric extension of the transducer. At a depth of Z> 2 /4i, the 
oscillatory pattern diminishes and the pattern begins to diverge uniformly. This 
distance is referred to as the near field by some authors. The oscillatory pattern 
extends to a depth of about D 2 /2X for a square transducer, twice that of the 
circular transducer. At a distance of D 2 jk the 3-db width of the beam equals the 
transducer diameter. Beyond this depth we are clearly in the Fraunhofer or 
far-field pattern, which, is the next subject of discussion. In this region the shape 
of the pattern remains fixed and its size linearly increases with depth, represent- 
ing a fixed angular pattern having an angle of approximately XjD. 
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FIG. 9.7 Steady-state field pattern of a circular transducer. (Courtesy of 
Siemens Gammasonics, Inc., Vetrasound Division.) 



Having described the steady-state diffraction behavior in the Fresnel region, 
we can return to defining the received signal from a reflecting object as in equa- 
tion (9.21). In the Fresnel region the envelope detected signal is given by 



X {s(x, y) ** exp [/ A ( X 2 + y i)~j 2 p - ^) dxdydz 



(9.32) 



The overall attenuation factor is exp (— 2a.z)/z 2 due to the tissue attenuation a 
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find thejiiffraction spreading in both -dirjections^J/z 2 . As before, we can assume 
iSSat this attenuation factor varies very slowly compared to the effective pulse 
Envelope pit — 2z/c). Thus the envelope function acts as a delta function on the 
attenuation factor, allowing it to be taken outside the integral as a time variation 
^T ac 7(c//2) 2 . As in equation (9.3), a compensating gain variation is used where 
g(t) = (ct) 2 e act , resulting in a compensated output signal given by 

exo = K \\\\ R( < x > * z v lkx ** ex p \!yz {x1 + y2) ]} 2 

X p(t -^dxdydz^ (9.33) 

Fo na n A scan, using a stationary transducer positioned at x «= 0, y = 0, 
the resulting estimate of the reflection coefficient along the z direction is given by 

£(0, 0, z) = K | R(x, y 9 z)e iik < *** {*(*, y) ** exp [/ A (x 2 + >> 2 )]) */> (^) | 

evaluated at x = 0, y = 0. (9.34) 

For a B scan, again with the transducer moving in the x direction along the 
y = y 0 line with a velocity v the gain-compensated signal is approximated as 



e e (t) = K±'\ I I I R(x,y,z)e» k ' 



(9.35) 



X j*(x - vk7^ - y Q ) ** exp [/^(x 2 + j> 2 )]} 2 p(r - ^dxdydz 

The resultant displayed estimate of the reflectivity in the y = y 0 plane is then 
given by 

£(*, Jo, z) = A: Sj *(x, y, z)e i2kz *** jj(x, >0 ** exp ['^(* 2 + J 2 )]} * 

x ^?£^ j evaluated at x = vnT, y=y 0 (9.36) 

where r,„as before, is. the time of each scan line. 

It is instructive to consider the affect of the phase-shift term exp (ilkz) 
representing the round-trip time to each plane. If we have reflections at one 
plane only, each reflection will experience the same phase shift. This phase 
term, exp (ilkz), will then disappear when the magnitude is taken, representing 
envelope detection. However, given reflections at different depths, each reflection 
>vyib.e,associated.with a different phase shift. The resultant : signals, as represent- 
ed in equation (9.35), will add constructively or destructively, depending on 
their relative phases. This addition and cancellation of signals results in a 
mbtUedjpattern known as "speckle" whose properties are .studied later in this 
chapter. If this phase factor is ignored, the resultant image will be the inco- 
herent average of the reflectivity, devoid of speckle. 



FRA UNHOFER APPROXIMATION 



The general results in the Fresnel region, under the approximations outlined, 
are valid at all depths. However, in. the far-field or Fraunhofer region, the expres- 
sions can be simplified. This riot only provides simpler mathematical operations, 
but also represents considerable insight into the nature of the imaging patterns. 

We return to the convolution relationship of equation (9.31) in integral 
form representing the lateral impulse response as given by 

h(x„ y 2 ) = ^ | | s(x Q , y 0 ) exp _ Xo y + ( y , - j, 0 )*]} dx 0 dy Q . (9.37) 

This equation can be restructured as 

Kx „ yt) = ex p[ ^/2z + z)] J J s(xQ yQ)txp fiM) 

X exp 0g)(* o x, + y Q y 2 )]dx^y, (9.38) 

where r 2 = x] + yi and r\ = x\ + y\. As before, the phase factor outside the 
integral can be ignored when investigating a specific plane. However, for reflec- 
tions at various depths this z-dependent phase shift results in coherent speckle. 
As for the quadratic phase factor within the integral, for a transducerjiaving a 
maximum lateral dimension of D, the exponent will have a maximum value of 
nD 2 /4Xz 9 or ^proximately D 2 /Az. Thus for depths greater than D 2 /X, the 
exponent will be less than 1 radian, and can be neglected. This leaves only a 
two-dimensional Fourier transform kernel in the integral, so that (9.38) can be 
approximated as 

Kx„y x ) c=l £ || ^(x 0 ,y 0 )exp [-'(^)<*o*. + 7o^)]*o*o 

= « = £ v = Tz (9 ' 39) 

where v = k(r z J2z + z) and $ is the Fourier transform operator using spatial 
frequency coordinates u and v as indicated. Thus in the far-field or Fraunhofer 
region, where z > D 2 /X 9 the compensated received signal is given by 



p.(0 = k\ HI R(x, y, zy^pWx, >>)}] 2 p(' - ^) Acrf^A 



(9.40) 



In this far-field region the received signals and reflectivity estimates can be 
obtained by substituting for the lateral response terms {s(x, y) ** exp [i(k/2z) 
(x 2 + y 2 )]} 2 in equations (9.32) through (9.36) the simpler expression 
[ff[s(x 9 y)}] 2 . This formulation serves to illustrate the performance problems of 
collimated ultrasonic imaging systems in the far field. This far-field response, the 
Fourier transform of the source function, is known as the "diffraction-limited" 
response since it represents the best resolution for a given source configuration. 
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Consider a square transducer where s(x, y) = rect (x/D) rect (y/D). The 
resultant lateraTspatial'pattern in the far field is given by 

• «*.,.>-?*Hi0~.($)} <M0 

where sine x = sin (nx)/nx. The effective width of the sine function may be 
defined as the region where its argument is between In this region the 
beam width at any depth z is Xz/D. An approximation to the total field is shown 
in Fig. 9.8, showing the near collimated behavior to a depth D 2 /X and then the_ 
diverging behavior in the far field. The various perturbations within the Fresnel 
region shown in Fig. 9.7 have been ignored. As is shown, a large transducer, 
having a maximum diameter of D u remains approximately collimated to a 
depth Z)f/A. If a smaller transducer of dimension D 2 is used in an attempt to 
improve lateral resolution, its performance rapidly deteriorates at greater depths 
because of the reduced value of D\jk. 

Figure 9.8 illustrates the difficulty in designing an ultrasonic transducer. 
One approach is to provide approximately near-field performance at all depths. 




FIG. 9.8 Approximate field patterns for different transducer sizes. 

In that case the transducer dimension D is chosen such that the limit of the 
near-field region, D 2 /X, is equal to the maximum depth z max . Thus for collimated 
imaging the optimum transducer size becomes 

A> P t~VAw (9.42) 

For a maximum depth of 20 cm and a wavelength of 0.5 mm this represents a 
transducer size of 1.0 cm. This is a representative figure for modern instruments. 
Improvements in resolution can be obtained by reducing the wavelength. How- 
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ever sine* the attenuation a is frequency dependent, the increased frequency 
results in excessive attenuation at the greater depths. The situation is quite 
different, however, in systems designed for superficial imaging of the eyes 
•thyroid, vessels in the neck, and so on. These systems involve a maximum depth 

tlwZu C n nYf ° f s the rCdUCed attenuation P^blem frequencies as high 
as 10 MHz (A = 0.15 mm) can be used. In these cases the optimum transducer 
size D is 2.4 mm, representing a considerable improvement in resolution. 



ACOUSTIC FOCUSING 



One method of modifying the performance shown in Figs. 9.7 and 9.8 is through 
™BS -acoustic focusipg, as illustrated by the lens system of Fig 9 9 [Good- 
man, 1968]. Here an acoustic lens is used to obtain optimum resolution at a 
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FIG. 9.9 Acoustic focusing system. 



sing e depth plane and its vicinity. The acoustic lens is generally made of a 
plastic material which has a velocity of propagation greater than that of water 
Thus, unlike the case of light optics, the refractive index n is less than unity 
where unity represents the index of the surrounding water. The relative phase 
delay through the material at each lateral position *, y is given by 

0(x, y) = k{n - l)d(x, y) (9,43) 
where d(x, y) is the thickness of the lens at each position. We can approximate 
the spherical surface as a quadratic surface in the paraxial region. In that case 
d(x, y) can be approximated by - ~ 

(9.44) 



d(x,y)c,K + ^yl 



where R is the radius of curvature of the lens and K is a constant. Ignoring 
constant phase factors the phase shift of the lens is thus given by 



0(x,y) = k( n - i)*i+z! = - k * 2 + y 2 



(9.45) 



2R - 2/ 

l)/R. Since the refractive index is less than 



where/, the focal length is — (n 
one, this system is a positive converging lens. 

To study the field patterns this phase factor is added to the source distri 
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bution in the Fresnel equation (9.38) as given by 

Kx„y,) - y || s(x 0 ,y Q )exp (~^ r °) ex P ('e'O 

X exp [— '(fj)(*o** + yoySyx 0 dy 0 . (9.46) 

As can be seen, where z = /, at a depth equal to the focal length, the field 
amplitude is the Eourier .transform of the source distribution. As before, this 
results in an effective lateral beam width, at the focal plane, of If ID. Thus a 
large aperture system can result in a relatively small, well-defined beam at this 
depth. At depths outside this region the quadratic phase factor returns, resulting 
in various diverging patterns. For "weakly focused systems" where the system F 
number f/D is appreciably greater than 1, the behavior is similar to that shown 
in Fig. 9.9 where the resolution is best at the focal plane and degrades gradually 
on either side. 

WIDEBAND DIFFRACTION 

The^>revious formulations all used the steady-state approximation where the 
pulse envelope in equation (9.17),/?(* — r Q Jc), is approximated asp(t — z/c), as 
in equation (9.24). As previously indicated, this approximation can be poor in 
systems with short pulses and/or large apertures. To study a more exact solu- 
tion [Norton, 1976] for the short pulse or wideband case we will consider the 
transmitted field pattern at a depth z. We simplify the formulation of (9.17) as 

u(x„y„t) = || s(x Q9 y 0 )exp(ikr 0x )p(t - ^) 

X (-^)^o^oexp(-/o> 0 0 (9.47) 

where 

p(t — £as) exp ( — /o> 0 0 = ^r) exjy(— to 0 0 * a(t) 

and p(t) is the effective pulse envelope in the transmitted waveform. 

We again use the Fresnel approximation of equation (9.30) since the same 
geometric constraints apply to the wideband case. The amplitude factor z\r\ s 
again becomes 1/z and the r Qz in the exponent and in the argument of p are 
replaced by the first two terms of the binomial expansion, giving 

u(x z ,y„ t) = ^ || s(x 0 ,y 0 )exp {'^K*. ~ *o) 2 + 0>, ~ J>o) 2 ]) 

x^-i-t^-^£>„*„. (9.48) 
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Expanding the quadratic terms, we obtain the two-dimensional transform 
relationship 

u(x„y„ t) = £ff fcx 0t y Q ) exp (*g)p''[t - ^ - (x * - 

x exp(-./oo 0 0, M= =jjp v = Tz (9 ' 49) 

As with the Fresnel integral in the steady-state case, (9.49) is difficult to evaluate. 
We can again simplify the formulation in the far-field region where quadratic 
terms in x 0 , y Q in both the exponent and the argument of p can be neglected. In 
addition, we restrict our formulation to the x dimension to avoid excessive 
complexity in the notation. In that case the transmitted field is given by 

u(x ZJ t) ^ £9 \s(x Q )p" (t - T + *g*)J exp (-«V) (9.50) 

where 7= z/c + xj/lzc, representing the approximate time delay from the 
origin to the reflecting point. 

As an illustrative example, assume a rectangular source and a rectangular 
pulse envelope where s(x Q ) = rect(x 0 /Z>) andp(/) = rect(f/r). The field amplitude 
is then given by 

«*- 0 - CXP [ "^ r = v)] * {rect (g) rect = ^j//^ )} ■ (9.51) 

This product provides two general options: the cases where D > \izclx x \ and 
where D < \ rzc/x x |. In each case the smaller rectangle dominates the product of 
the two functions. Within each option we have three regions, corresponding to 
different times, where the smaller rectangular function either fits into the larger 
one or is at either end where the resultant area is reduced. Thus each option is 
represented by the sum of three functions, each being a Fourier transform of a 
rectangle multiplied by rectangular time functions which define the time intervals 
in which the different regions occur. Since the time response represents our 
depth resolution, it is convenient to define t' — ( T — t)c, representing time as an 
equivalent depth in terms of an effective retarded time. Similarly, we let x' = tc, 
the equivalent length of the pulse. We also define <f> = xjz as a close approxima- 
tion to the angle each object point makes with the origin. 

For simplification, to avoid carrying phase factors, we limit our expression 
to I u(x„ 01 = 1 w(0, O |. This is in keeping with the remainder of this chapter, 
where phase factors have been dropped where appropriate since envelope detec- 
tion is assumed. The overall response is therefore given by 

MfcOl - i>| - (f )| «. 1^ + £|-n [!(,' + * + $]| 
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for t' > D\6\ and 



X rect 



for t' < £> \<f>\. In this case the absolute value of the sum becomes the sum of 
the absolute values because the terms occur at different times. Notice that in 
the second and third terms of each expression it becomes more convenient to 
express the transform as a sine rather than a sine function. 

These relatively complex equations show the interaction between the tem- 
poral or depth response, using the coordinate t\ and the lateral or angular 
response, using the coordinate 0. We can study some special cases in the interest 
of clarification. Setting /' equal to zero, we limit ourselves to the depth plane 
z^Tc and obtain the lateral response as 



sine 



(9.54) 

Similarly, we obtain the response along the z axis by setting 0 = 0 and obtaining 

|«(0,OI = § rect (II). (9.55) 

On the /' and 0 axes we observe the relatively straightforward responses 
that were used in the steady-state analysis. In the steady-state analysis these 
were also the off-axis responses. If we plot the effective extent of the response in 
space, for example a plot of 0 versus t' indicating the lateral and depth resolu- 
tion, it would be a rectangle under the steady-state approximation since the 
temporal and spatial responses are assumed to be noninteracting. 

A typical response using the more accurate formulation of equation (9.52) 
is shown in Fig. 9.10 for a relatively wide pulse. This figure can only show the 
approximate extent of the response since the amplitude at each value of 0 and 
t' requires the third dimension. It does illustrate the important deviations from 
the steady-state approximation. We see the diagonal arms resulting primarily 
from the last two terms in equation (9.52). These fall off as 1/0, which is not 
shown in the figure. These represent undesired responses well removed from the 
region of interest. As the pulse length % increases, the relative amount of energy 
in the diagonal arms decreases to the point where the effective extent of the 
response approaches a rectangle, as in the steady-state approximation. 

In the other extreme, for very short pulses, the response is dominated by the 
first term in (9.53), as given by 

'<*'^T(TH(&) (9-56) 

which is plotted in Fig. 9.1 1. Here the response is seen to be a very short pulse, 
or delta function, for 0 = 0 and increasing in width as <f> increases. The shading 
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FIG. 9.11 Transmitted field pattern for very short pulses. 
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indicates the falloff in amplitude with 0. As can be seen from Figs. 9. 10 and 9. 1 1 , 
the pulse waveform should be chosen to minimize the volume in the space, 
thus providing the best compromise between depth and lateral resolution. 

Using the same techniques, the complete transmitter pattern u(x„ y I9 1) can 
be studied. The round-trip response to a unity reflecting point e h {x xi y„ t) is 
again derived using equation (9.17). The received signal from a generalized 
reflecting object R(x, y, z) is derived using equation (9.20). In each of these 
equations the far-field and paraxial approximations can again be applied to 
simplify the computations and achieve insightful results. 



ULTRASONIC CHARACTERISTICS OF TISSUE 



Attenuation 

We have thus far assumed a uniform attenuation coefficient throughout the 
object being studied. However, in practice, the attenuation coefficient is a func- 
tion of both the particular tissue and of the frequency of the propagating wave 
[Woodcock, 1979]. The attenuation mechanisms in biological materials are not 
well understood. In i many common ..fluids, such as watery the attenuation is 
primarily . dra i n these cases the attenuation is propor- 

tional to the square of tfie frequency. In most biological materials, however, in 
the frequency range 1.0 to 10 MHz, the attenuation varies directly with the 
frequency. This mechanism is usually attributed to a relaxation process in which 
energy is removed from the propagating wave by an oscillating particle and then 
returned at a later time. Some typical values for attenuation at 1.0 MHz are 
given in Table 9.1. 



TABLE 9.7 

ATTENUATION AT 1.0 MHz 



Material 


Attenuation 
Coefficient (db/cm) 


Air 


10 


Blood 


0.18 


Bone 


3-10 


Lung 


40 


Muscle 


1.65-1.75 


Other soft tissues 


1.35-1.68 


Water 


0.002 
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As indicated, the coefficient of the biological tissues varies approximately 
directly with frequency while those of water and air vary as the square of the 
frequency. In studies where the propagation path is primarily soft-tissue struc- 
tures of comparable attenuation, such as the abdomen, a fixed-gain compensa- 
tion system is usually adequate. In other cases involving blood pools or fluid 
regions, it is often desirable to vary the exponent of the gain compensation over 
the path. Many commercial scanners make this option available. 

Velocity 

The basis for ultrasonic imaging in the reflection mode is the assumption 
of a constant propagation velocity throughout the body. The round-trip time of 
each echo is used to determine its depth. Fortunately, although various materials 
exhibit profound changes* in their acoustic velocity, the soft tissues of the body 
are limited to a range of about ±5%. Some representative values are given in 
Table 9.2. 



TABLE 9.1 

PROPAGATION VELOCITY 





Mean Velocity 


Tissue 


(m/sec) 


Air 


330 


Fat 


1450 


Aqueous humor of eye 


1500 


Vitreous humor of eye 


1520 


Human tissue, mean value 


1540 


Brain 


1541 


Liver 


1549 


Kidney 


1561 


Spleen 


1566 


Blood 


1570 


Muscle 


1585 


Lens of eye 


1620 


Skull bone 


4080 


Water 


1480 



Variations in velocity cause small geometric distortions in the reproduced 
images since the display system assumes a constant propagation velocity. In 
addition, velocity variations can distort and deflect the propagating beam, 
causing additional geometric errors. In some cases it has been found that the 
distribution of propagation velocity throughout the object of interest, c(x, y) 7 
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contains clinically useful information. For example, certain malignant tumors 
exhibit increased propagation velocity. A method for reconstructing both 
c(x, y) and a(x, y), using the techniques of computerized tomography, is shown 
in Chapter 11. 

Reflectivity 

Our development assumes th aLthe,reflecjtWity tfttarae^ 
an ^ray^weajkl^ scattereirs h^in£ajreflectivity M^j^J). 

Because of the isotropic nature of the reflections, a falloff of 1/z was assumed as 
in equation (9.1) v In.geiiexaUhe-K^ the 
^ma terial in a relativelyx omple^manner [Nicholas, 1977]. The simplest behavior 
occurs ata-planar interface between two materials, The resultant reflection is 
called a ^£C^Jorj^^on 9 as differentiated from the diffuse reflections we have 
assumed. The^j^r^^xfacejLCts ijujunimijmd reflects the w ave at an angle 
SSl^JSiLS^ In this^ase4he-amplitude._ of the 

reflected wave received byJthfclransdu^^ a. stCQngiunction^of the posi^ 

tionjundLai^^ The mathematical development for specular 

reflectors of general shapesls more complex than that given for isotropic scat- 
tered. However, the general concepts of resolution and diffraction considera- 
tions remain the same. 

In the earlier ultrasonic instruments, where binary images were produced 
which essentially outlined organs and lesions, these specular reflections were the 
most significant information. In modern instrumentation with large dynamic 
range and gray-scale displays, the diffusely reflecting, isotropically scattering 
echoes have become the most significant, hence the use of the model in this 
chapter. 

The reflectivity is dependent on changes in the acoustic impedance. This 
impedance Z relates the pressure P to the particle velocity v as given by 

P = Zv (9.57) 
where the acoustic impedance is given by 

Z = pc (9.58) 
where p is the density and c the velocity. 

The behavior at a planar interface between two materials can be studied 
using Fig. 9.12. For equilibrium, the total pressure on each side of the interface 
must be equal, and the particle velocity on each side of the interface must be 
continuous. These conditions are satisfied when 

*t + P, = P, (9.59) 

and 

v, cos 0, - v r cos 6 r = v t cos 6 t (9.60) 

where the subscripts ?, r, and t indicate incident, reflected, and transmitted 
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components, respectively. Using Snell's law, we have 

sin 0 t ~ c 2 V' bl) 

and, as in electromagnetic theory, we set the angle of incidence 8 t equal to the 
angle of reflectance 0 r . 

The reflectivity, defined as the ratio of the reflected pressure to the incident 
pressure, is found using equations (9.57) through (9.61) and is given by 

p t ~~ z 2 cos e t + z x cos e t K } 

where Z, and Z 2 are the acoustic impedances in the two interfacing media. At 
normal incidence where 0 t = 0, = 0, we have 

^^frrl (9 - 63) 

Table 9.3 gives the reflectivity R at normal incidence for a variety of tissue 
interfaces. 

TABLE 9.3 

REFLECTIVITY OF NORMALLY INCIDENT WAVES 



Materials at Interface 


Reflectivity 


Brain-skull bone 


0.66 


Fat-bone 


0.69 


Fat-blood 


0.08 


Fat-kidney 


0.08 


Fat-muscle 


0.10 


Fat-liver 


0.09 


Lens-aqueous humor 


0.10 


Lens-vitreous humor 


0.09 


Muscle-blood 


0.03 


Muscle-kidney 


0.03 


Muscle-liver 


0.01 


Soft tissue (mean value)-water 


0.05 


Soft tissue-air 


0.9995 


Soft tissue-PZT5 crystal 


0.89 



Here we see that the interfaces between soft tissues have a reflectivity of 
under 0.10, representing less than 1 % of the energy being reflected. This coin- 
cides with our "weakly reflecting" assumption, where multiple reflections were 
ignored. However, a number of other interfaces, such as between tissue and 
bone, tissue and air, and tissue and the transducer, have strong reflections. Thus 
certain clinical situations can result in multiple reverberations, giving rise to 
false echoes. 



COMPOUND SCAN FOR SPECULAR INTERFACES 



At specular interfaces, as shown in Fig. 9.12, the wave is reflected in mirror-like 
fashion where 0, = -0,. As indicated in Fig. 9.13, this can result in the specular 
reflection from an organ interface completely missing the transducer. The 
resultant image will therefore be missing some of the information relating to 
the interface. 



MATERIAL 1 p,, 


MATERIAL 2 p 2 , c 2 


\J NCI DENT 






^^^^ 


^ REFLECTED 


TRANSMITTED 



FIG. 9.12 Behavior at a plane surface. 



AIMGULATED TRANSDUCER RECEIVES SPECULAR REFLECTION 
MISSED 




ORGAN BODY SURFACE 

INTERFACE 



FIG. 9.13 Effect of a compound B scan. 

This problem can be alleviated, with manual transducers, by utilizing a 
expound tfahslation-rocking [Woodcock, 1979]. At each lateral posi- 

tion Oumber of line scans are obtained with the transducer angudated in different 
d ^Hfi°Jl s '3 11 in the plane of the desired cross section. Potentiometers record the 
position and angle of the transducer so that the received echoes at each angle 
can be appropriately recorded in the display. Thus the t 
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reaches a position and angle, as shown in Fig. 9.13, .where the beam is perpen- 
dicular to the in^ is. received 

The use of higher frequencies has increased the ..ratip^^Offfuse to specular 
edip.es since the : amplitude o increases as the square of the 

frequency. However, these are still considerably lower in amplitude than "the 
specular echoes so that a large dynamic range is required to preserve Xhem. 
Following detection/most ultrasonic systems use nonlinear com^^ prior 
to display, to compre^ echoes and enhance the weaker . diffuse 

echoes. 

The array systems, discussed in the next chapter, use stationary transducer 
arrays and thm scanning. "However, if a jarge_array 

subtends , a . relatively large angle with the region of interest, it reducesits.angular_ 
sensitivity. One mecITanicar c scanner uses eight rotating transducers 

iminersed in a water bath. These separate views are added to provide the effect 
of a compound scan and minimize the angular sensitivity of specular interfaces. 

NOISE CONSIDERATIONS 

Unlike x-ray, with its signal-dependent Poisson noise, the noise in ultrasonic 
systems is governed by additive Gaussian noise resulting from the transducer 
and the first amplifier. The resultant signal-to-noise ratio is therefore the ratio 
of the received signal power at the transducer terminals to the average noise 
power el. 

In estimating the signal, iv mu^ cpm- 
pensatiott, defined in equation (9 L3), is performed ^ 

thus does not genera as would be ex- 

pected, reflections from greater depths, which experience increased attenuation, 
result in a reduced signal-to-noise ratio. 

The signal-to-noise ratio at each depth z 0 is defined as the peak signal 
power received at that depth divided by the noise power as given by 



where E 0 is the peak value of e 0 (t), the signal envelope e(i) derived from depth 
plane z = z 0 . This signal e 0 {t\ in a single transducer system, using steady-state 
diffraction theory, from equation (9.32) is given by 




(9.64) 




(9.65) 



The peak value E Q is given by 




(9.66) 



where P is the peak value of p(t). 
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The calculation of SNR using (9.64) and (9.66)*is complicated somewhat 
by the constant K. This depends on a variety of factors, including the piezo- 
electric constants of the transducer. Equation (9.66) can be restructured in terms 
of experimentally measured values using a water tank. Assume that a specular 
reflector with unity or known reflectivity is placed close to the transducer face 
so as to be within the near field. This is an easily performed experiment using 
a material, such as a metal, whose acoustic impedance is very different than 
water. Since the reflector is in the near field, no diffraction effects are involved. 
In addition, the attenuation in the water tank, over the short path, is negligible. 
The peak reference signal E r with R = 1.0 and no diffraction or attenuation is 
given by 

E r = KP J J [s(x, y)Ydxdy. (9.67) 
Using this measured value, the value of E 0 is given by 



E a = 



e ~ 2a " Er 1 f f R(x, y, z 0 )[s(x 9 y) ** e«*"™]*dxdy 

*SJJ [s(x,y)YdxdyU J 



(9.68) 



This expression can be used for E Q in (9.61) to find the signal-to-noise ratio 
based on experimentally measured values. 

The>integral expressions in (9.66) and (9.68) represent the product of the 
diffraction patterns of the source and the reflectivity at plane z 0 . If the reflecti- 
vity function R 9 representing the object being studied at plane z 0 , is small 
compared to the beam size, the integration is essentially over R itself. Conversely, 
if the reflectivity function, such as a lesion, is large compared to the beam pattern, 
the integration is effectively over the beam pattern and is independent of the 
size of the object. 



SPECKLE NOISE 



The noise studied thus far is that of electrical noise at the input of the system. 
Unfortunately, ji!trasonic_^^ 

results in the introduction of a spati al noise comp^ent known as "speckle" 
[Burckhardt, 1978]. The origin of this com^onenj^^ 
jsflecJayjtx!^ Because of the finite resolution, at 

any time we are receiving from a distribution of scatterers within the resolution 
element. These scattered signals add coherently; that is, they add constructively 
and destructively depending on the relative phases of each scattered waveform. 

The noise properties of speckle are based on the statistical nature of the 
distribution of the sum of sinusoids reflected from the randomly distributed 
scatterers. The resultant phasors add in a random walk distribution. If there are 
a large number of scatterers within each resolution element, and the received 



202 Basic Ultrasonic Imaging 



phases are uniformly distributed from 0 to 2n radians, the envelope amplitude 
E obeys a Rayleigh probability density function given by 

< 9 - 69 > 

where E 2 is the average of the envelope squared. We define the signal-to-noise 
ratio as the ratio of the mean of the envelope to its standard deviation as given 

by i? 

SNR= * .- (9-70) 
JE* - E* 

We use a fundamental property of Rayleigh probability distributions which 
relates the mean of the envelope square to the square of the mean, as given by 

£5 = ±E*. (9-71) 
u 

Substituting this in (9.70) yields a signal-to-noise ratio of 

SNR = 1 = ( * Y* = L9!^. (9.72) 
a E \4 — 71/ k 

This relatively lowiatiojemphasizes the importance oLthis noise- source Jt often 
^vejridls „ the system electrical nojKej^ in larg er organ s 

"consisting of uniformly d^bu^^^S^JSWh.ufheJivcr. It is not yet well 
understood how contributes to reducing the diag- 

nostic accuracy of the image. 

Qne mechanism of reducing this speckl^ 
ber of images ofthe "with independei^sp^^E^tc™. This 

wiTlxiduc^ These inde " 

indent images can be obtained by acquiring the data from 
views. For example, compound scanning; illustrate in Fig. 9.13, reduces the 
speckle noise by acquiring and combining views of the same region from 
different angles. 



PROBLEMS 

9.1 A region of the body is modeled as a uniform array of scatterers. A fluid- 
filled nonreflecting cyst is contained within the volume so that the reflectiv- 
ity is given by 

Jfe i) = eomb (* ) comb (£) comb - rect * + ? + . 

(a) Plot the estimated reflectivity versus depth in the A mode using an 
L X L transducer at the origin where L < A <^B. Assume geometric 
imaging where diffraction is ignored. Assume that the attenuation has been 
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compensated for and that the effective pulse envelope is rectangular with a 

period t where ct/2 < A. 

(b) Repeat part (a) where 3 A < ct/2 < A A. 

9.2 In modeling the reflectivity of the body we have assumed a weakly reflecting 
region where both the energy lost due to the reflection and multiple reflec- 
tions can be ignored. Assume a simple one-dimensional planar model 
containing two reflecting surfaces which is modeled as 

R(x, y, z) - R x 8(z - z x ) + R 2 5(z - z 2 ). 

(a) Find the estimated reflectivity £(0, 0, z) using a perfect delta function 
as the effective pulse envelope taking both the energy loss in reflection and 
multiple reflections into account. Ignore attenuation and calculate only the 
first received multiple reflection. 

(b) Find the value of & using R x = R 2 - 0.1. Compare this to A using the 
weakly reflecting assumption. 

9.3 An ultrasonic pulse with envelope a(t) = rect (t/T) is transmitted through 
the structures shown in Fig. P9.3. Plot the envelope of the received signal, 
labeling amplitudes and times. Use the weakly reflecting assumption and 
neglect multiple reverberations. 

i 1 
, l . I 

C } ,P\,<X} \C2.P2.<*2 | c 3-P3- a 3 

I I I 

I I 
T ^ *i H-* — z 2 H 

FIG. P9.3 

9.4 In an ultrasonic imaging system, two isotropic point scatterers are in the 
y = 0 plane each a distance z from an L X L square transducer. We define 
two point images as being separable if the points are separated by at least 
the distance between the first zeros of the impulse response. 

(a) What is the minimum separation of the points in the x direction to 
provide separable images where z = z x in the geometric near field and 
z = z 2 in the far field? 

(b) What is the transducer size L that will achieve the same minimum sepa- 
ration of points in both the near and far fields at z = z, and z 2 ? 

9.5 An ultrasonic imaging system has an additive noise power component e\. 
A diffusely reflecting disk having a reflectivity Acirc (r/r 0 ) 8(z — z 0 ) is ad- 
dressed with an on-axis circular transducer of radius r t where r, > r„. The 
medium has a uniform attenuation a. Calculate the ratio of the signal-to- 
noise ratio in the near field at z = z x to that of the far field, where z = z 2 . 
Assume geometric imaging for depth z x and Fraunhofer behavior for depth 
z 2 . 
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Ultrasonic Imaging 
Using Arrays 



The various systems described in Chapter 9 all used a single transducer that was 
manually scanned to provide a two-dimensional image. These systems lack two 
desirable characteristics: real-time imaging and dynamic focus. Alt hough re al=- 
fimp n ppratinn f nn bf achieved hy rapiHIy nsr.illatinp mechanical systems, it is 
pr esumed that an electronic scanning ap proach, wi th a stationary transducer 
array, i ^n™ H^irahl^ from t hP pnint of view of size, weight, and reliability. 
T5g aamic focus, to overco me some of the basic diffraction^ 
i nFigures 9.7, M ^ASSg^can be achieved "only through electronically con- 
" trolled transducer arrays. 

In our analysis we lean heavily on the results of Chapter 9 in developing 
the impulse response due to diffraction and the various considerations of 
attenuation, velocity, and reflectivity. We will consider all array configurations 
that are presently used or whose use is being considered [Macovski, 1979]. 
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IMAGING ARRAYS 

Imaging- arrays arejiefined as tnmsduce r arrays which ar e in an ima ge plane^ 
This is in distinction to the arrays we wifl subsequently consider where the array_ 
isjn^nonimaging pl^e^ajmT the various transducer sjgnals^re delayed„and^ 
suimnedjto^oyidejm^ 

A basic imaging array is shown in Fig. 10.1. The Lsystej^shown 
field jor^ojlimated imaging. J^e_mdiyidual transducers shown are fired in 

TRANSDUCER ARRAY 




FIG. 10.1 Collimated imaging array. 



^seguejice. Intially, we assume that we are operating within the near field of the 
individual transducers so that the propagated wave is a geometric extension of 
each transducer s n (x 9 y). Usi ng rectangular tra ns du c ers e ach individi iflLspurce,, 
is described by 

" ^^) = rect(i)rect(^)- (10.1) 

As shown in Fig. 10.1, each transducer is driven by the guise p(t) in a 
sequence separated by time T. This time, as indicated in Chapter 9, must be 
"^eatertnari ^ ffie rrl^ximum round-trip time 2zmJc, where z max is the maximum 
depth. Fach received pulse e n (i) is^sub^Cted to time- vary m jyg^^ 
-detec ted tc ^pxayide^a-signaUdentical to that ofl^tiojiI^4)jrhese signals-are 
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summed to provide an overall output given by 



e c (0 = K Jg^ 1 1 1 1 R(x, y, z)s n (x, y)p (t - nT - ^) dxdydz 



(10.2) 



where, as in Chapter 9, e c (t) is the gain-compensated, envelope-detected signal, 
R(x 9 y, z) is the three-dimensional reflectivity of the object, and p{t) is the 
received pulse as modified by the various linear parameters of the system, 
including propagation and filtering. 

ThisLarray is an attempt to provide a ^ 
in the^T = 0 plane. When e c (0 is synchronously displayed, the resultant estimate 
of the reflectivity is given by 



£(0, y 9 z) - K | *(x, y, z) *** p(?f) ^ s n (x, y) 



evaluated at x = 0. 

(10.3) 



As before, the triple asterisk refers to a three-dimensional convolution. gi£bu-- 
^line j njhej^flectiyit y image is blu rredjy >yj[j£^Xjn the lateraL dim r nsion^ and 

arelativelyjhoi^ 

trknsduce^rsT However, as the transducers become smaller, our assumption of 
collimated imaging, which ignores diffraction, becomes less and less accurate. 

In considering diffraction we will use the steady-state approximation of 
equation (9.21), which assumes that the pulse envelope arrives at each lateral 
position at the same time. We make use of the entire diffraction analysis of 
Chapter 9 and use the result of equation (9.34), the resultant signal using the 
Fresnel approximation. Applying this to the collimated array, the compensated 
detected signal is given by 



eXO = K J| 2 1 1 1| *(*, y, z)[s n (x, y) ** exp (/ g) J 



X p(t-nT~?f) dxdydz 



(10.4) 



where r 2 = x 2 + y 2 . The lateral response has been degraded by diffraction as 
noted by convolution with the quadratic phase factor. The estimate of the 
reflectivity, including diffraction, is given by 

£(0, y, z) = K | *(*, y, z)***p (^) Jg^ [*„(*, y) ** exp (i g)J | 

evaluated at x = 0. (10.5) 

This expression is valid for essentially all depth ranges, within the fairly 
broad fimits of the Fresnel approximation. 

A commercial imaging array is shown in Fig. 10.2 together with a typical 
image of a fetal head. 



LIMITATION OF IMAGING ARRAYS 



The imaging array of Fig. 10.1 has proven extremely usefuljn medical imaging 
applications involving superficial structures, including the eyes and major vessels 
close to the surface, such as the carotid arteries. In these regions relatively short 
wavelengths of about 0.2 mm can be used. For deep body imaging, the attenu- 
ation problem forces the use of longer wavelengths with the associated diffraction 
problems. 

In addition to these diffraction problems, the field of view of imaging arrays 
is limited to the geometric extension of the array itself. In many medical imaging 
problems it is desired to study a region larger in extent than that of the array. 
This is particularly true of the heart, where a relatively small anatomical window, 
the cardiac notch, limits the size of the array to approximately 2.0 cm. A solution 
to both the lateral resolution problem and the field-of-view problem is electronic 
deflection and focusing, our next topic. 



ELECTRONIC DEFLECTION AND FOCUSING 

In electronic deflection and focusing systems, or phased array systems as they 
are often called, the transducer array is placed in a nonimaging plane. Unlike 
the imaging system, each transducer receives signals from every point in the field 
of view. The outputs of each transducer are appropriately delayed and summed 
so as to represent the energy reflected from a specific point. In this manner the 
signals from the desired point undergo constructive interference, while those 
from the other points undergo destructive interference. A variety of array con- 
figurations will be considered. 



LINEAR ARRAY 

A basic linear array imaging system is shown in Fig. 10.3. Using the controlled 
delay elements, the beam pattern is steered and focused so as to sequence through 
the region of interest [Somer, 1968]. Initially, we consider the use of the array 
solely in the receiving mode. We assume that the object is isotropically insonified 
by, for example, a small transducer at the origin of the array. We then calculate 
the selectivity of the receiver pattern. 

For convenience in the analysis, we initially limit ourselves to the far-field 
region in the x dimension. In the y dimension, in linear array systems, there are 
no phased array imaging properties. In most cases the height h of the transducer 
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FIG. 10.3 Linear array imaging system, using controlled delays. 



is made large ^enough such that the beam remajnsjjmost collimated in the y 
dimension throughout the depthjQt the volume of interest. In that case the 
linear array produces a sector-scan configuration with the beam deflected and 
Jocusejd ja.the~x.direction, and collimated in the y direction, as shown in Fig. 
10.4. 

To calculate the receiver response, we start with the general steady-state 
Fresnel expression for the impulse response at plane z, repeating (9.31), as given 

by 

Kx„ y,) = h(x, y, z) = e"» ** exp (/ ■ (10.6) 

Since we are considering the far field for the x components, we can approximate 
_this pattern as 

*(*« y.) = Y^ x o))[^yo) * exp (i^)] (10.7) 

where CI = k(x\\2z + z). It is assumed that our transducer source s(x, y) is 
separable into the product s x (x)s y (y). If we further assume that the height of the 
transducer is large enough to remain collimated throughout the depths of 
interest, the bracketed expression is simply replaced by s y (y). Using the rectangu- 
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LINEAR ARRAY 




FIG. 10.4 Field pattern of a linear array sector scan, showing the result of 
deflection and focus to a specific region. 

lar transducer array of Fig. 10.3, we have a source distribution given by 

~i x j y l = {[ rect (*) comb (-7)]* rect ©} rect (l)- (10 - 8) 

Convolution with the comb function replicates the individual transducer patterns, 
rect (x/w), at a spacing d. The overall width is denned by rect (x/D) with the 
height denned by rect (y/h). Applying (10.7) we obtain the field pattern as 

h,, n - - {[4 - (#) • (&)> (¥)} 

x [rect(&).cxp(/^)]. (10.9) 

Using the relationship 

d ™ b (%)=.SX%-i) (1010) 
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we have 



X [rect * exp (i ^)]- (10.1 1) 



Ttej^ernjn the^J^ pattern approximated 

nj^g-^ at 
an angle A/h. TheJl^fjb^ 
shown In Fig. 10.5. Of course, thi^epieser^ 
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FIG. 10.5 Far-field pattern of a linear array. 



since, as yet, no delays Ja^ to the transducer outputs prior to 

s ™5S§Jion. The x axis is conveniently normalized to x,/z, wKj^^ 
mates the angle of the beam. As indicated in equation (l6Tl), the pattern in the 
x direction is an infinite series of sine functions weighted by an overall envelope 
function sine {x z wjXz). For w = d y th^array is a continuous transducer of extent 
v ^ and thus reduces to tlie^m^Tesponse at axis, known as the main lobe. 
In this case the zeros of sine (x z w/Xz) occur at the undesired responses known as 
the "grating lobes" because of the similarity to the diffraction orders of an 
optical grating. 

Eacluadividual Jobe, because of .the.$inc-xesponse, has an effective angular 

^Mth,Ar resolution of approximately Hp y&exuhQ distance between zeros is^ 
^/^The grating lobes, occur atangulaF S 
loEp response. These result in u 
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energy fromangles ,othe£tiia^^ full extent of 

patient 



LINEAR ARRAY WITH DEFLECTION 



The rnntrnll^Helft Ys are us ed to steer or d eflexUhejn^ini.lpbe over anjtngular 
range to provide a sector scan. In gene^thedgjayxloffi^ t t„ at reu a Ofaasducer 
in Fig. 10.3 is equivalent to ji convg litiijffljg^^ signal w^thdfr^ 

_ Tn ) j w here r„ jcgfrnirtinn nf thfi array x coordinate.^ the ste&d^WifT 
^^iinalion^^ theor y, this repr ese nts a phase shift of exp (/q^ tJ^ 

where ca n is the center frequen^ (Oie_s^ deflecting the beam, r n is 

made proportional to x as given by 

Jy^jf (iai2) 

where nd is the x coordinate of the center of each transducer and, as will be 
g^nwT^jn ^re^ents the rrsilltant angular rieflection_of the beamjattern. Thus 
the phase shift at each transducer exp (ico 0 r n ) is given by exp (ifc gggL where 
k =^^cTTEeTi^^ with these delays, is given by 

KXz) = ^ {[rect comb (fj exp (fkfix.)] * rect (&)} (10.13) 
where the produ ct of exp (ikgx) with the co mM^nrti^ 

^W^hifts^ p (ikfind). Taking the Fourier transform yields the far-field pattern 
*(*.) - e>°°? sine mt^fe - $ -})} («»■ ") 



This far-field impulse response of the deflected pattern in the x direction is 
shown in Fig. 10.6^H ere the main lohr has hpft n -dcflcctcd to an a n cte -oL^ The 
grating lobes continue to be separated from the main lobe by multiples of X/d. 
AsAe-beain4s4eflectedah move wj thinjhe^^ 

As shown, t he desired c entral lobe isj^educed in amrj[tade ju^ 
oi^ei^gratirig lobes comesj ip amplitude. J hus t in itej^resence^pjeflection^ 
gi^i^>beslttCQm^ 
amplitude. 

^Orip nhvions mrthod of running thes? rr*t™Z l"bes is toJimit the angular 

scan p. This, ofcpuge,liniit&ahc field of v i ew- of the imaging system, making 
ifunacceptabTe for many procedures. Ajnj}re_ge^^ 
the spacing d 9 which, fora^giyep array widths 

of Jraliia^^ This forces the grating lobe to be further down on the overall 
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FIG. 10.6 Far-field pattern of a deflected linear array. 



response until it becomes negligible. . Another g eneral approach is r 0 ^n g*jm_ 
inson ification .s ystem, having its own spatial response, which minimizes the 
illumination of the regions of the grating lobes. Enalh^swi ^ suhsfi^ , 
quenjtyjiutln^hapter, tjir use of sh^Xjadses, oujt side the qua si^teady^tate_ 
appj^imation, r educes the relative peak amplitude of the grating lobes. 

Using the system previously described, with an isotropic insonification 
source and a sector scanner, we again provide an estimate of the reflectivity in 
the 2. = 0 plane, the plane of the sector scan. In^eneiaj, a series of M scan li nes 
afe^generated, each with a different deflection angle ft. jLisancjg men^ 
amoun t Afl follo wing the round-tri pjjme of each li ne. ThTincre^^ 
scan AO s|^d4?etfesU^^^ angular resolution fpemurlthat .the.system, 
js^gquately sampled. The resultant reflectivity estimate of the system is given 
by 

&(x, 0, z) = K | R(x t y, z)e<« *** p(2f) (sine (™) ^ 

x .kH D (i - i - ^1- (*)•'- mj\ co.-5) 

evaluated at y = 0. 

As previously indicated, this„isjhe system response for the- case of isotropic 
insonification. Often the same linear transducer the same delays, is 
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juse^oi^&omficatLOi^ In that case the system response of (10.15) is modified 
TSy simply squaring the lateral response terms in the braces. This then provides 
the required round-trip performance. 

It must be emphasized that, in the x direction, w^have assumed that we 
are in t h e fa r-fieldjgr Fraunhofer region. In this region the„system perfornSnce 
cannot be improved through focusing? The far- field patterns ^.represent ...the 
diflS^ In the near field, however, 

aljfisjaiices- less than Z) 2 /A, the transducer palter^ convolved with a quadratic 
phase factor. In this region, the response can be significantly improved through 
focusing to provide the desired diffraction limit. 



LINEAR ARRAY WITH FOCUSING 

In the Fresnel region the field pattern of the linear array in the x direction is 
given by 

Kx z ) = ^ {[rect ( comb (&) exp [to.t(x 0 )]] * rect (£a)} * exp 

(10.16) 

where r(x 0 ) is the functional variation of the delays r„ along the transducer x 
axis. In the case of deflection r(x 0 ) was equal to fixjc, or find/c, resulting in a 
deflection angle p. For focusing, we need an additional delay structure to com- 
pensate for the quadratic phase factor [as is normally done by lenses, as in (9.46)]. 
We can restructure the Fresnel convolution of equation (10.16) into a Fourier 
transform form, as in equation (9.38), as given by 

h(Xg ) = ^ {[(rect comb (^) exp [to 0 f<* 0 )]) * rect (§)]«P (/§)} 

(10.17) 

which can be modified as 

*(*.) = T 5 LS/a rfreCt 6X5 [ f (s A + k€ < nd ^j\ ( 10 - 18 ) 

where the overall width of the array rect (x/D) has been replaced by afinite sum 
TV of array elements. In general, the function of t„ is to provide deflection, 
where x n = find/c, and to provide focusing where it is used to cancel the quad- 
ratic phase factor in (10.18) and provide a diffraction-limited response. Thus 
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the delay at each transducer x{nd) is given by 

T y )== ^,yW. (io.19) 

* c c 

For convenience we can ignore the deflection angle and study the 
requirements of the quadratic phase shift y/. By setting y/^\/2z at each depth, 
we cancel the quadratic phase factor at the center of each.transd^ 
where x = nd. To achieve our desired focusing at each depth, that is, to provide 
diffraction-limited imaging at all depths, the quadratic phase factor must be 
eliminated so that the response in the x direction is the desired Fourierjr^^orm 
of the array aperture. At the edges of each transducer, where x Q = nd + w/% 
the phase factors reach their local maximum. The worst case occurs at the edge 
of the array where x 9 = D[2 and (nd) m > x = D/2 - w/2. If we use the sufficient 
condition that the resultant quadratic phase factor in (10.18) be small compared 
to 1 radian, we have the inequality 

A>£ . (10.20) 

W Z 

This requirement is necessary in any case if we are to achieve a reasonable 
angular field of view. The angular field of the sector-scan pattern, as shown in 
Figs. 10.5 and 10.6, is determined by A/w, the angular field of each transducer. 
The angle Djz represents an angular field whose largest extent is the size of the 
array itself. Thus (10.20) must be satisfied if the field of view is to encompass 
a region significantly larger than the array size. 

We therefore effectively cancel the quadratic phase factor and provide 
focusing by having y/ = 1/22. The focusing delays must vary dynamically with^ 
depth as the pulse propagates. Various time-varying delay elements, such as 
charge-coupled devices or switched delay lines, are used for this function. In 
general, the deflection delays are switched to a new value of following each 
scan line, while the focusing delays are varied dynamically during the line scan. 
The delays specified for deflection and focusing in (10.19) can be negative. The 
actual physical delays x(nd) must therefore have an added term T 0 to ensure that 
they are positive. This fixed delay at each element does not affect the responses 
and merely adds an overall delay to the received signal. 

The use of dynamic focusing provides the response of. equation 
all depths, not just in the far field. When the quadratic phase factor of equation 
(10. 18) is effectively controlled, we again have the Fourier transform of the array 
of rectangular elements, resulting in the response of equation (10.14). With 
dynamic focusing, the array width D can be increased to provide improved 
lateral resolution without interfering with the, far-field apprpximation, Unfor- 
tunately, there are^pften anatomical lin^ array, such as the 
cardiac notch. Despite this, linear array sector-scan imaging of the heart using 
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both electronic deflection and focusing has become a viable diagnostic product. 
A commercial sector-scan instrument together with a typical heart image are 
shown in Fig. 10.7. 




FIG. 10.7 Commercial sector-scan instrument, showing a typical heart 
scan. (Courtesy of Varian Associates.) 



WIDEBAND RESPONSES OF A LINEAR ARRAY 

The analysis of the linear array was made using the quasi-steady-state approxi- 
mation to diffraction theory. For consideratiOTS_oLthe^wideband case^_using_ 
relatively-iiariow pulses, we maTiSuse o«fie3^1opme 

1976]. For example, equation (9.51) represents the one-way response in the x 
direction using a rectangular transducer and a rectangular pulse envelope. The 
equations following (9.51) are an expansion of this result. This formulation is 
identical to the one for the main lobe (n = 0) of a linear array system without 
deflection, where p = 0. In equation (10.14) for the response of a linear array, 
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setting P = 0 and n = 0, we have the product of a broad sine pattern sine 
(x x w/Xz) and a narrow sine pattern sine (x z DjXz). Since D > w, we can neglect 
the envelope of the broad sine pattern. This reduces the response to the Fourier 
transform of rect (x/2>), making it identical to the wideband case studied in 
Chapter 9. 

Thus the behavior of the main lobe, pointing straight ahead, is identical 
to that illustrated in Figures 9.10 and 9.11 for the single-transducer case. We 
again have the diagonal arms in the response, which are neglected in the quasi- 
steady-state treatment. The accurate wideband treatment also has a profound 
effect on the grating lobes. In evaluating the main-lobe response we set n = 0 
and essentially assumed negligible overlap between the various orders. We 
follow the same practice in evaluating the amplitudes of the nth order. Using 
the same development as before, where p(t) = rect (//t), we have the amplitude 
response due to the nth order as 

uXx „ 0 = SE^, ( rect (i) exp rect (.0.21) 

where, as before, 0 - xjz % t' = xc 9 and ? = (T t - t)c. Here the complex 
exponential gives rise to a grating lobe centered at 0 = nXjd. 

To study the relative amplitudes of the grating lobes in response to short 
pulses, we set t' = 0, corresponding to the center of the temporal response in 
both cases. The ratio of the amplitude of the grating lobe to that of the main 
lobe is denned as R n and is given by 

Rn = ^JMi. (10.22) 

M 0 (0, 0) 

Using (10.21), this ratio is calculated as 



d (10.23) 

1 for t >— j-- 
a 



This relationship can be given additional physical meaning by noting that 
the number of elements in the array is 



N= D (10 . 24 ) 



and the number of cycles in the pulse is 
Substituting in (10.23), we have 



m = ^- 00.25) 



(10.26) 
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Thus for the important first grating lobe, n = 1, the amplitude is reduced by the 
ratio of the number of cycles in the pulse to the number of elements in the array. 
Typically, this ratio is about an order of magnitude. 

This reduction in the peak amplitude of the grating lobes is brought about 
by a "smearing out" of the grating lobe response. This is illustrated in Fig. 10.8. 
In addition to the grating lobe reduction, Fig. 10.8 illustrates improved 
"smoothness" of the main-lobe response brought about by a reduction in the 
sidelobes of the sine pattern. In narrowband systems with relatively long pulses 
having patterns similar to that of Fig. 10.5, a reduction in these sidelobes can 
be achieved by apodization techniques. Here the overall weighting function of 
the transducer array is modified from a rect function to a smoother function 
whose resultant Fourier transform is relatively free of the sidelobes. 

In the wideband analysis, as indicated earlier, we have neglected the overall 
envelope pattern due to the individual transducer responses. This approximation 
is valid if these transducer widths w are relatively narrow. Otherwise, this 
represents an additional factor in the grating-lobe amplitude, which varies with 
the deflection angle /?. 



TWO-DIMENSIONAL ARRAY SYSTEMS 

The system described thus far involves processing in one dimension only. The 
beam pattern in the y direction was dictated by the classic diffraction patterns 
described in Chapter 9. To provide diffraction-limited performance in botti 
lateral dimensions, a two-dimensional array must be used. 



RECTANGULAR ARRAY 

A two-dimensional rectangular with 
dynamic focus in both lateral dimensions. For example, the beam, as before, 
can be deflected in the x direction by a controlled- amount^. £x~eack beani 
position, dynamic focus can be applied in both lateral..^ 
applying a quadratic time delay to cancel Ihe quadratic. phaseJfactoi., Simply 
extending the previous results, we apply a time delay r mn to each element: 

T mn = T Q + ±[pnd - xf/(ndY - y(md)*] (10.27) 

where —y(md) 2 is the additional delay given each element ia the^iilicection to 
provide focusing. Both y/ and y are varied proportional, to 1/z as the wavefront 
propagates to provide dynamic focusing at each depth plane. As can be seen 
from (10.27), each of the N x TV elements requires an independent dela y control 
to. achieve the focusing in both dimensions. At the present state of the art this 




i 
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represents excessive cost and complexity. Otherjtess complex approaches have 
been jisgd Jor. example, a weakly focused lens can be affi xed to a linear" 
Iransducer array M 



CONCENTRIC RING ARRAY 

Thecomplextiv-giUte controll_e_d_ delay requireme nts |s_^rea tly reduced if tiie 
delays are used solely to pi^^eJacu sing. If the beam i s not elec tromSaiL 
deflected, delays gn Hsojjiico^^^ 

radial distance .JtCL^CJninsdijjceLaxis. Systems of this type are available which 
use an array of concentric rings as shown in Fig. 10.9. The controlled delays 




FIG. 10.9 Dynamic focusing system, using concentric transducer rings. 

are time varied so as to again cancel the quadratic phase factor in equations 
(9.31) and (9.38). The resultant lateral response, making use of radial symmetry, 
is given by 

Kr.) = ^ff jf^r.) exp [-/*a(m0»] exp[/(A),§] (10.28) 

wher e s£r Q ) regresentsj^ 

As with the linear array, we^namically set^ ft-gJZZzjL e ach depth , 
providing an_exact cancellation of the quadratic phase shift at the center of each 
annularring, where r 0 = nd. Using the same approximations as those previously 
described for the linear array, under the same conditions as in (10.20), we can 
assume that the quadratic phase shift, is adequately canceled oyer the entire 
array. 'HDnderlihese conditions, with contiguous annular rings, the. lateral or 
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radial impulse respoMe^OJ^M 

where the circ function, as previously described, is. unity, for 0 < r 0 < 1 and 
zero otherwise, and J x is the Bessel function of the first kind and first order. 
The resultant pattern is often referred to as a "jinc" function because of its 
similarity to the sine function, as illustrated in Fig. (2.3). Its effective resolution, 
or width of the main lobe, is again approximately Az/D, as with the linear array. 

The concentric ring , ar ray,, 
^efl^HSTThe deflection Tof the beam is provided mechanically either by trans- 
lating or tilting the ring array. The former provides a rectangular sectional 
image format, while the latter provides a sector scan. 

ANNULAR RING ARRAY TRANSMITTER 

TW.nncentric.ring array fails to_D_r ovide both electronic sca nning_aj^dynami^ 
f ocusing , To accomplis^^ 

make use of the combination o f alepar ate transmit and receive ar ray pattern with 
the resultant j^ttera beingJhe^tadugt. It must be emphasized, however, that 
thTlra Mmitter pa ttern, is not subject^to dynaniic controX^Unlike the receiver 
array, once the pulsed waveform is launched we lose control of the pattern, so 
that it cannot be varied with depth. To overcome this, we make use of the unique 
properties of an annular ring transmitter pattern [Macovski and Norton, 1975]. 
4n_ajunilai^ ring^of rad^ 
r espon se given by 

Kr,) = [S(f 0 - R) exp [l 0°- 30 > 

Applying the sifting property of the delta function, the quadratic phase 
factor comes out of the Fourier transform integral to form a constant phase 
factor, as studied previously. We are left with the Fourier transform of an 
annulus which is simply the kernel of the Hankel or Fourier-Bessel transform of 
(2.35). The resultant pattern is given by 

Krz) = e <^j Q (^y (10.31) 

Thus the quadratic phase factor, in an annular ring configuration, is automat- 
ically removed. The resultant response of (10.31) is therefore the same in both 
the near and far field. This achieves an effective focusing which is depth 
independent. 

To provide deflection, we again require a linearly varying phase shift exp 
(ikfix 0 ). To provide this with an annular ring array, the array must be segmented 
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so that individual delays x, = fixje can be applied. Adding this linear phase 
factor in (10.30) provides a deflected pattern given by 

A(x„,,) = - iO«p[/^]«P(^.)} ( 10 - 32 ) 

„2wK , ( 2nRJ(x, - gjg + r, \ (10.33) 

where we have used the shift relationship 

ff{exp (iJfejJjCo)} = K*. ~ fi*)- (10 34) 

Equation (10.33) essentially assumed continuous segmentation of the annulus. 
With finite segmentation the response is modified similarly to that of the linear 
array, depending on the nature of the segmentation. As indicated, the response 
is simply translated an amount jSz or deflected by an angle /?. 

The segmented annular ring provides a J„( ) response at all depths winch 
can be relatively simply deflected. This response has the desired narrow central 
lobe, but has a severe problem of sidelobes. It js_ajughjy oscillatory response 
whose first sidelobe amplitude is 40% of the peak response and whose fourth , 
sidelobe'has a relative amplitude of 22%. A pattern of this type causes many 
false- responses. Thas-the-unifann- annuhis-would.. function pooriy-wherejte 

lateral dimensions^ 



THETA ARRAY 

This response can be modified by taking advantage of the fact that the desired 
transmitter pattern need only provide improved resolution in one dimension. 
The dynamically focused linear array can provide the desired pattern mthex 
direction with a relatively simple structure. The annular array can be modined, 
using angular weightings, to provide an improved response in the y direction. 
For example, using a cos 2 9 weighting, we have 

h(r„ 0) = ^{S(r 0 - R) cos 2 6}. (10-35) 
Using the polar transform relationship of equation (2.34), we have 

^,0) = ?[^.(^)-^(^) COS2 *]- (1036) 
Using the Bessel function recursion identity 
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we can rewrite (10.36) as 

h (r„ 0) - f^^g^ - cos* 0]. (10.38) 

In this form we can appreciate that the response in the y direction (0 = 90°, 
270°) is the desired jinc function, which characterizes a full aperture system 
focused at the desired depth. The response in the x direction has significant 
sidelobe content. However, in the x direction, the overall pattern is mostly 
dominated by a dynamically focused linear array, as shown in Fig. 10.10. 
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FIG. 10.10 Theta array, using a weighted annular transmitter and a linear 
array receiver. 



This system, referred to as the theta array, achieves diffraction-limited 
resolution in both dimensions using a relatively simple structure. As shown, 
a set of linearly varying delays in the jc direction is used to deflect the annular 
array to the same angle as that of the linear array. The linear array has both 
linear and quadratic delays for deflection and focusing. 



PROBLEMS 



10.1 Equation (10.1 1) is the on-axis impulse response of a linear array of rectan- 
gular transducers. Find the impulse response, h(x I9 y g ), for a linear array 
of circular transducers of radii R and center-to-center spacing d. 

10.2 Estimate the largest ratio of grating lobe amplitude to central lobe ampli- 
tude for a linear array system that has been deflected by 0.5 radian. The 
array consists of 20 contiguous elements of width w = 1.0 mm. Assume 
the steady-state approximation, operating in the far field, where X = 0.5 
mm. 

10.3 As shown in Fig. 10.6, the main lobe is attenuated with increased deflection 
angle ft. At what deflection angle fi is the main lobe attenuated to 50% of 
its on-axis value? 
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Selected Topics 
in Medical Imaging 



In this chapter we consider a variety of medical imaging techniques which are 
not broadly involved in current clinical practice. Some of these are at the level 
of basic research, while others have advanced to the stage of initial clinical trials. 



NUCLEAR MAGNETIC RESONANCE 

Nuclear magnetic resonance, or NMR as it is often abbreviated, has recently 
been adapted to medical imaging. Some of the results, especially in providing 
cross-sectional images of the head, have been very promising, so that this 
modality is clearly worth considering. NMR requires subjecting the body to 
relatively intense magnetic fields. Thus far, these appear to be without any 
toxic effects, so that it has the advantage, over x-rays, of being free of ionizing 
radiation. 

The basic NMR phenomenon [Bloch, 1946] has been used as an analytic 
tool in chemistry and physics since its discovery. The phenomenon is based on 
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the magnetic moment present in a wide variety of organic and inorganic mate- 
rials. To possess a magnetic moment the nuclei must contain an odd number 
of protons or neutrons. This requirment is met by a very large percentage of 
stable nuclei and radiosotopes. Most important for medical imaging, hydrogen 
possesses a magnetic moment and is by far the most active source of NMR 
signals among the elements. 

The presence of a magnetic moment is equivalent to the nuclei being arrays 
of small magnets. When these are placed in an external magnetic field the 
magnetic moment tends to align itself parallel to the field. Since the nucleus is 
spinning, the magnetic moment responds to the external field like a gyroscope 
precessing around the direction of the field. The rotating or pfecessing frequency 
of the spins ca 0 is known as the Larmor frequency and is given by 

co 0 = yH (11.1) 

where y is the gyromagnetic ratio, a property of the material, and His the external 
magnetic field. 

Equation (11.1) represents the fundamental relationship between the mag- 
netic field and frequency for a given material. It is this relationship that forms 
the basis of various imaging modalities. Complex magnetic field distributions 
are used so that each spatial region has a unique magnetic field and thus a unique 
frequency. In the area of chemical analysis, in nonimaging systems, equation 
(11.1) is used for material analysis where a fixed magnetic field is applied to a 
small volume of interest. Each material in the sample represents a different 
frequency. 

To perform either imaging or material analysis a signal at the precession 
frequency must be emitted by the material. This is accomplished by exciting the 
precession with a radio frequency rotating field in the x,^y plane in addition to 
the static field in the z direction. The total vector field H is then given by 

H = H Q z + H x (5t cos co Q t + y sin co 0 t) (1 1.2) 

where jc,j>, and z are the unit vectors. The resultant precessing moment is 
shown in Fig. 11.1. The precession or tipping angle 0 is given by 

Q = yH x t p (li.3) 

where t p is the duration of the radio-frequency rotating field excitation. 

When the excitation ceases, the rotating magnetic moment undergoes "free 
induction decay" as it decays to its equilibrium state. In this decay process a 
signal is emitted at the resonant frequency co 0 — yH. It is this signal that is used 
in image formation. The signal is normally detected using the same coils that 
produced the rotating magnetic field H u 

The resulting signal V is proportional to the hydrogen density of the mate- 
rial, since each spinning nucleus is contributing. Following the excitation, the 
magnetic moment returns to its equilibrium value with a time constant T u 
known as the longitudinal or spin-lattice relaxation time. In most imaging 
systems, as we will consider, repeated excitations are required of the same region. 
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FIG. 11.1 Precessing magnetic moment. 

When a region is reexcited that has not fully relaxed to its equilibrium value the 
resultant free induction decay or FID signal amplitude Kis diminished as given 

v=k P (i (U 4) 

where A: is a proportionality constant, p is the density of the material being 
imaged, usually hydrogen, and t a is the time interval between excitations 

<t™ t! Can < S6en ' thC reSUlting P erformance * * compromise between signal 
trength and imag.ng time. The longitudinal relaxation time T> is approximately 
1 sec. Therefore, t a must be a reasonable fraction of a second to provide a large 
fract.on of the maximum signal kp. As a result, many imaging procedures require 
a few minutes of data acquisition time. 4 

both oH InH r° r T h ,atiVe ,! y Sh ° rt ^ ° f the reSU,tant si S nal wil1 de P™° 
both on p and T t . These, however, are both important clinical properties of the 

ofTand r!" 8 StUd ' ed ' MeaSUrementS at tW ° Va,ues of '» can se P ara * the values 
A variety of volumetric imaging methods can be used. One straightforward 
method, called zeugmatography [Lauterbur and Lai, 1980], involves acquiring 
their- , P anar ' nte ^ a,S of the volu ™ at all angles and then reconstructing 
the activity of each voxel in the volume. The isolation of signals from particulaf- 

tXT^T mP u S) t Cd ^ adding 3 gradiCnt fidd in different di ^tions to the 
Z Ti l .2 W 18 2 direCti ° n - A re P resentative geometry is shown in 
In addition to the static H 0 field and the radio-frequency H, field at m 
generated us.ng coils, a relatively small gradient field H, is added in different 
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H Q static field 




FIELD 



tflG. 11.2 Basic NMR imaging configuration. 



directions. For illustrative purposes assume a gradient in the x direction given by 

H 8 - Gx (11.5) 

where H g (x) is the added field at each x position. Using equation (1 1.1) we see 
that each yz plane, at different values of x, has its own nuclear resonant fre- 
quency, as given by 

co 0 (x) = y(H Q + Gx). (11.6) 

An excitation signal H x can be used at a specific frequency y(H Q + Gx x ) which 
will excite a specific yz plane represented by the specific x t value represented by 
that frequency. Thus, by a sequence of excitations at different frequencies, the 
integrated density of each plane can be derived. A more efficient approach utilizes 
a broadband excitation for H x where the excitation simultaneously provides the 
required 90° tipping angle for each frequency or plane. For example, an excita- 
tion of the type sine (t/t) cos co Q t will have a rectangular spectrum having a 
bandwidth 1/t centered at co 0 . Thus each yz plane, at each x value, produces the 
"free induction decay" signal at its own frequency. If we take a Fourier transform 
of the received signal, decomposing it into its frequency components, we will 
have an array of measurements representing the planar integration of the hydro- 
gen density at each value of x. Thus a single wideband pulse results in the acqui- 
sition of a set of planar integrals. 

This process can be repeated with the gradient shifted to all possible direc- 
tions to provide a complete set of planar integrals. These can then be used to 
reconstruct the hydrogen density of every voxel in the volume using the tech- 
niques of reconstruction from projections. 

One approach to the reconstruction [Lauterbur and Lai, 1980] is to first 
derive an array of two-dimensional projections of the volume. For example, 
assume that a series of measurements are taken with the gradient direction 
normal to the x axis. Thus the gradient direction is incrementally rotated around 
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the x axis. In each case, an array of planar integrals are formed which are 
parallel to the x axis. These represent line integrals of the projections of the 
volume in the x direction. Using the classic reconstruction technique described 
in Chapter 7, the projection of the volume in the x direction can be calculated. 
This process can be repeated, each time developing a two-dimensional projection 
of the volume in an array of planes parallel to the y axis. 

Once this set of projections exists, in a cylindrical geometry about the y 
axis, we have the required information to reconstruct any planar cross section 
parallel to the xz plane. Using the calculated projection data at all angles, we 
again use the technique of reconstruction from projections to reconstruct any 
element in the plane. Thus the information is processed using two successive 
applications of reconstruction: first to obtain the projections from the planar 
integrals, and then to reconstruct the individual planes from the projection 
calculation. 

A second generic approach to N MR is the multiple sensitive point method 
[Andrew, 1980]. This method utilizes an alternating gradient rather than the 
previously described static gradient. The resultant NMR signal is then modulated 
by the frequency of alteration, typically of the order of 100 Hz. If this frequency 
is filtered out of the resultant received signal, the average value represents the 
planar integral of the density at the narrow slice having a zero alternating field. 
We have thus limited the acquisition to a single plane. Simultaneously, an alter- 
nating gradient field of a different frequency can be applied normal to the first 
gradient. After filtering both frequencies, the resultant signal represents the 
density of single line, corresponding to the intersection of the two zero alter- 
nating field planes. 

Many variations are possible on this general theme for reconstructing each 
voxel. The acquired sensitive line can be moved through a plane at all angles and 
positions with the data used to reconstruct each pixel in the plane. Alternatively, 
a third alternating field at the third perpendicular axis at another frequency can 
be used so as to cause the filtered received signal to represent a single point. 
By manipulating the fields this single point can be scanned throughout the vol- 
ume. A more efficient, less time-consuming approach is to use a static field in 
this third axis. In this case, each point in the line will produce a different fre- 
quency when excited with a wideband pulse. Again, a Fourier transform can 
be used to provide the response at each frequency, simultaneously providing the 
density of each point on the line. 

Another general imaging method we will consider makes use of a funda- 
mental property of NMR as given by equation (11.3). As indicated, the pre- 
cession angle 0 is determined by the strength of the rotating field if, and the 
time duration of the H x pulse. This method is called the selective iradiation 
process [Crooks, 1980]. Thus far we have considered excitations involving 
0 = 90°, resulting in a free induction decay (FID) signal. This approach involves 
0 = 180°, known as an inverting excitation. This excitation does not produce a 
free induction decay signal. Instead, the resulting magnetic moment returns to 
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equilibrium with the relaxation time 7\. Therefore, if a 90° excitation is applied 
at a time t h after the 1 80° inverting excitation, the resultant FID signal amplitude 
is given by 

V=kp(\ -2e-^0- (11.7) 
Note the factor of 2 resulting from the initial inversion excitation. 

At first a planar integration is acquired as previously described by using a 
static gradient and a 90° excitation pulse at the appropriate frequency. The 
resultant signal representing the integrated density in a plane is stored. After the 
system reaches equilibrium we apply a second static gradient and excitation 
pulse in quadrature with the first plane. This second excitation pulse, however, 
is doubled in amplitude and/or time so that 9 = 180°, thus inverting the mag- 
netic moments. This excitation produces no received free induction decay signal. 
The first excitation is then repeated after a time t b to again obtain the integration 
of the same plane as, modified by equation (11.7). 

The integrated values of the plane taken before and after the inverting 
excitation are subtracted. All the values in the plane will cancel except for the 
line of intersection of the plane with the quadrature plane having the inverting 
excitation. In this line, the preconditioned signal will be different, and therefore 
not cancel. If the time between the inversion and the readout is sufficiently short, 
the signal along the line of intersection will be the negative of the previous 
signal, so that the subtraction will double the amplitude of the selected line. 
In any case, the output will be limited to the line of intersection. This line can 
again be scanned throughout any plane of interest to provide an appropriate 
reconstruction. 

The 180° inversion excitation can be used following a 90° excitation to 
provide another imaging approach. The free induction decay signal resulting 
from a 90° excitation has a relatively short time constant because of the local 
inhomogeneity of the fields caused by the gradients. In general, each nuclei is 
precessing at a slightly different frequency. The resultant phase shifts cause 
destructive interference, resulting in the rapid decay. However, the 180° inversion 
excitation following the 90° excitation by a time interval t c causes the various 
phase relationships between the individual nuclei to be reversed. A given spin 
which is lagging another in phase by an angle y/ is altered so as to lead in phase 
by the same angle. Therefore, following this 1 80° excitation the various precessing 
components that were out of phase return to being in phase after the time t e . 
The resultant signal produced is called a spin echo. A simple analogy is a number 
of racing cars leaving a starting point at different speeds and slowly becoming 
"out of phase" after a time T. If their directions are reversed, after another time 
T, they will again be "in phase" at the starting line. 

The spin echo signal has an amplitude somewhat less than the original 
FID. This loss is due to the spin-spin relaxation process whereby the interaction 
of each precessing nuclei with its neighbor causes some dephasing. This is a 
random process, unlike the dephasing due to the nonuniform field, and cannot 
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be reversed. It is characterized by the time constant T 2 , another important prop- 
erty of the material which could prove important in diagnosis. The resultant 
spin echo signal amplitude is given by 

V=kper*": (n.8) 

This process can be used to measure the T 2 property of the material or as an 
alternative imaging system. 

The spin echo phenomenon can be used in imaging by again isolating a 
line as the intersection between two planes. The first 90° excitation is applied 
to one plane and then, after a time r c , the 180° inversion excitation is applied 
to the quadrature plane. Following another time interval t e9 a spin echo will be 
produced which represents only the line intersection of the two planes. 

A novel approach to NMR imaging which appears quite promising is 
known as the spin warp system. It has the interesting distinction of using 
electrical and spatial Fourier transforms in the reconstruction process. Prior to 
acquiring data from a plane, or a set of planes, a gradient field is applied normal 
to the plane. This gradient momentarily causes frequency changes along the 
gradient. When the gradient is removed, and the signal is received, regions along 
the gradient will provide signals at different phases. 

These phase variations will be cyclical with a periodicity based on the 
strength of the gradient. Effectively, the information in the plane is being 
decomposed into a specific spatial frequency based on the strength of the 
gradient. Therefore, a series of acquisitions at different gradient amplitudes 
results in a decomposition of the plane into its spatial frequency components 
normal to the gradient. 

To define each pixel in the plane completely, information is required normal 
to the direction of the spatial frequency decomposition. This is accomplished 
using an additional gradient normal to the one described previously which is 
applied prior to data acquisition. This additional gradient is present during the 
acqusition time so that each line in the plane corresponds to a different emitted 
frequency. A Fourier transform of the temporal signal decomposes the plane in 
one direction while a spatial Fourier transform of the successive cyclical phase 
variations decomposes the plane in the orthogonal direction, defining each pixel. 

We have discussed many approaches to imaging the density of the magnetic 
moments which effectively represent hydrogen density when the appropriate 
frequencies are used. As indicated, hydrogen provided by far the most intense 
signal, which allows imaging in a reasonable time. Other elements have mag- 
netic moments. However, the reduced abundance and magnetic moment neces- 
sitates very long data acquisition times, so that images of other elements have 
yet to be obtained in a clinical setting. 

In addition to measuring hydrogen density, the various decay-time constants 
can also be measured and used to form useful clinical images. Some examples 
of clinical images using NMR are shown in Fig. 1 1.3. 
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The principal motivation of this technique is the noninvasive study of vessels 
[Ovitt et al., 1978]. With invasive procedures where catheters are inserted into 
vessels, large amounts of iodinated contrast material are present, resulting in 
good vessel visualization, despite the intervening anatomical structures. In 
noninvasive studies, however, the very low iodine concentration is insufficient 
to be visualized in a normal radiograph. As a result, subtraction techniques are 
employed to eliminate the intervening tissue so that the iodine visualization is 
limited solely by noise. The subtraction technique involves obtaining data both 
before and after the administration of the contrast agent, and subtracting the 
result. 

Let //,(*, y> z) be the attenuation coefficient of the tissue in the anatomical 
region under study. Let /* c (x, y, z) be the attenuation coefficient distribution of 
the administered contrast agent, the subtraction operation involves first taking 
the logs of the measured intensities to derive the desired line integrals and then 
subtracting. The measured intensities, assuming monoenergetic parallel x-rays 
are 

A = A> exp [- J Mt (x, y> z)rfz] (1 1.9) 

h = h exp [- J [/<,(*, J\ z) + fi£x,y, z)]dzj. (11.10) 
Subtracting the logs, we have 

ln (i) ~ ln (£) ~ J ^(x 9 y,z)dz (11.11) 

the desired projection image of the contrast agent alone. 

The quality of this image is limited by two factors, motion and noise. 
Various physiological motions, often involuntary, occur between /,, the pre- 
contrast image, and / 2 , the postcontrast image. This provides a motion "noise" 
component in the output image given by 

n m = J /fa, y, z, t x )dx - J ji t (x, y y z, t 2 )dz (11.12) 

where /, and t 2 are the acquisition times of the images. This effect can be 
minimized by storing a number of precontrast and/or postcontrast images and 
finding a pair that provides acceptable tissue subtraction performance with a 
small n m . 

The basic noise sources have been considered in Chapter 6, including 
Poisson counting noise, additive noise, and scatter. The deterministic scatter 
component should be essentially identical both before and after the administra- 
tion of contrast material since the scattering volume is unchanged. Therefore, 
this scatter component should cancel out, leaving only the statistical noise. 
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The total Poisson counting noise will therefore be represented by the transmitted 
and scattered photons of each measurement. Similarly, the additive electrical 
noise, from devices such as television cameras, will be comparable on each 
measurement. Since each noise component is independent, the total variance, 
from equations (6.35) and (6.26) is given by 

al =w + w. + 2a - (1U3) 

where N t is the number of transmitted photons per element, N, the number of 
scattered photons per element, and a\ represents the effective standard devia- 
tion of the additive noise. Each component is doubled since the independent 
variance of the two measurements are added. The resultant SNR, neglecting 
motion, is given by 

Jtj]2 f fi c dz 

SNR = , , 2 - (11-14) 

In regions where the anatomy is relatively static, such as the carotid arteries, 
excellent vessel images have been produced. A representative example is given 
in Fig. 11.4. The subtraction operation is made highly stable using digital 




FIG. 11.4 Subtraction image of the carotid artery. 
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fluoroscopy. The output of the television camera, on each frame, is digitized 
and stored in a digital memory. The outputs of the two memories are appropri- 
ately processed and subtracted to provide the image of Fig. 1 1.4. 



ENERGY-SELECTIVE IMAGING 

Since different materials have different energy-dependent attenuation coefficients 
/*(S), measurements made at different energies can aid in the identification of 
specific materials in the body. This process is analogous to the use of color in 
the visible spectrum, where measurements are made in three spectral regions to 
enable the identification of the reflectivity of objects by their color. 

As indicated in equati6n (3.13), the attenuation coefficient of materials in 
the body can be decomposed into a sum of the Rayleigh, photoelectric, and 
Compton scattering coefficients. As shown in equation (3.14), each individual 
component can be represented by a constant, weighting a particular function 
of energy. The energy function is the same for each material, so that each 
material is completely defined by the weighting constants. If we neglect the 
relatively small Rayleigh component, the attenuation coefficient of any material 
can be characterized as [Alvarez and Macovski, 1976] 



where / C (S) and/„(S) are universal functions and a c and a p are a pair of constants 
representing the material. As indicated in Chapter 3,/ c (8) is a rather complex 
function given in equation (3.16), and / p (£) is approximately given by S" 3 . 

Equation (11.15) indicates the desirability of a two-dimensional decompo- 
sition of x-ray attenuation coefficients. For example, in a computerized tomo- 
graphy system, rather than only making a cross-sectional image of fi(x, y\ 
additional cross-sectional images can be made of a p (x, y) and a e (x, y) which 
indicate specific material properties. As indicated in equation (3.14), a c is depen- 
dent on the electron density, while a p is additionally strongly dependent on the 
atomic number. Thus the pair of processed images delineate the important 
parameters of average p and Z at each pixel. 

To create the cross-sectional images a c and a p , we must first find their 
projections or line integrals which we will call A c and A pi respectively, where 



MS) = /*c(S) + M P (&) = *c/c(S) + a p f p {Z) 



(11.15) 




and 



(11.16) 




These can be calculated by first making measurements at two indpendent 
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energy spectra 5,(6) and S 2 (S) as given by 

h = J exp [- J ^(S, x, y)rf/]d& 

and (11.17) 
h = J S 2 (S) exp [- J ^(s, x, ^y/]^S. 

The two spectra can be obtained by using different anode voltages on the x-ray 
tubes and/or different x-ray filter material in the beam. Alternatively, energy- 
selective detectors can be used. 

A data-processing system is then required to derive A p and A c from I x and 
h. Here we make use of the fact that the line integral of the attenuation coeffi- 
cient is the sum of the photoelectric and Compton line integrals as given by 

) MS, *, y)dl = A p f p (&) + A e f e (S). (11.18) 

Substituting (1 1 . 1 8) in the (1 1 . 1 7) measurement equations, we have two equations 
in two unknowns, A p and A e . 

If S X (Z) and 5 2 (S) represented narrow monoenergetic sources, we remove 
the integration over energy. In that case, by merely taking logs, we have a simple 
algebraic solution for A p and A c . In the general case, however, with broad- 
spectral sources, we are faced with the solution of nonlinear integral equations. 
The equations can be solved numerically using power series solutions of the form 
In I x = b Q + b x A p + M« + M] + M* + b 5 A p A c + b 6 Al + b n A\ 
In h = c 0 + c x A p + c 2 A c + c 3 A p + c,A\ + c 5 A p A e + c 6 A\ + c n A\. (1U9) 
The sets of constants b t and r, can be evaluated analytically or preferably with 
measurements on known materials. In the latter method it becomes preferable 
to develop values related to the line integral of specific materials themselves, 
rather than the photoelectric and Compton components. For example, using 
materials such as aluminum and water, the system can be calibrated for line 
integrals of aluminum and water A a and A w . These represent the actual lengths 
of the test materials used, resulting in a high degree of accuracy. This decompo- 
sition is equivalent to a photoelectric-Compton decomposition and can be easily 
transformed into the latter with a simple linear transformation [Lehmann et al., 
1981]. 

Once A p and A c are determined, or the equivalent based on two actual 
materials, they can be used to reconstruct cross-sectional images as in conven- 
tional computerized tomography (CT) [Alvarez and Macovski, 1976]. For exam- 
ple, using the convolution-back projection algorithm of Chapter 7, images of 
a p(**y) an <* a e (x, y) can be reconstructed giving the desired material properties. 
It is important to note that these images will be free of the nonlinear artifacts 
discussed in connection with equation (7.69). Since the processed line integrals 
are energy independent, they are totally free of the nonlinear artifact. Therefore, 
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dual-energy CT systems provide both material information and artifact-free 
reconstructions. 

In addition to computerized tomography, dual-energy reconstructions are 
very significant in projection radiography. Here dual-energy measurements are 
acquired as two-dimensional projections of the entire volume. These projections 
are processed, exactly as previously described to provide two-dimensional 
image data A p (x, y) and A e (x, y). These can be individually displayed to provide 
material-dependent projection information. 

A more exciting presentation is the display of a weighted sum of A p and A e 
[Lehmann et al., 1981], providing an image of the type 

Ax, y) = A p (x, y) + rA c (x, y) ([\ 20) 

where r is the ratio of the combined components. This ratio r can be chosen to 
provide a wide variety of useful clinical images. For example, to eliminate a 
particular material, r is given by 

01.21) 

where a pl and a cl are the photoelectric and Compton constants of the material 
to be removed. This can, for example, be used to eliminate soft tissue or water 
structures to either display bones, calcifications, or administered iodine-contrast 
agents. 

One excellent example is the intraveneous pyelogram (IVP), where an 
lodinated contrast agent collects in the kidney. As shown in Fig. 115 the 
conventional IVP normally has intervening bowel gas dispersed among the soft- 
tissue structures which seriously degrades the visualization of the kidney. Using 
dual-energy acquisition and processing, a weighted sum image is taken to cancel 
water or soft tissue. As shown, this eliminates bowel gas interference since it 
represents variations in soft tissue. The resultant visualization is remarkably 
improved and has led to the identification of disease which was otherwise missed. 

Another important application is tissue look-alike, where any given material 
can be made to appear like any other. Here the ratio r is chosen as given by 

r = a " ~ a " (ll2 2) 

where a pU a ci and a p2 ,a ci are the photoelectric and Compton coefficients of 
the two materials being matched. With this value of/-, all equal lengths of the 
two materials will provide equal values in the resultant image. 

An excellent example of this procedure is chest imaging, where important 
lesions are often obscured by bone. By setting bone to mimic soft tissue, using 
equation (1 1.22), the bones will disappear providing an image of the soft tissue 
only. For example, ribs immersed in soft-tissue structures will have no apparent 
contrast since they produce the same output as soft tissue. A chest image where 
the bone mimics soft tissue is shown in Fig. 1 1.6 together with a conventional 
chest image. For completeness, Fig. 1 1 .7 shows the same image using the method 
of equation (11.21) to remove the soft tissue and display the bone. 
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NOVEL DATA ACQUISITION AND PROCESSING 
SYSTEMS IN THREE-DIMENSIONAL 
RADIOGRAPHY AND ULTRASOUND 



In general information about the reflectivity of each voxel in a three-dimensional 
volume can be acquired directly in a conventional ultrasound echo imaging 
system. In x-ray, however, the measurement of the attenuation coefficient of 
individual voxels is not done by direct acquisition but by reconstruction of line 
integral measurements. 

Throughout the remainder of this chapter we will briefly discuss speculative 
systems which represent the reverse of the present approach. These include 
ultrasonic systems, which, rather than directly acquiring reflectivity information, 
use reconstruction from* line integrals. Also, we will show two radiographic 
systems where x-ray parameters are acquired directly rather than by reconstruc- 
tion from line integrals. 



LINE-INTEGRAL ULTRASONIC RECONSTRUCTION 
SYSTEMS 



In Chapters 9 and 10 ultrasonic imaging was studied in the reflection mode, 
the only one in widespread clinical use. The immense popularity of the reflection 
approach is due to the direct acquisition of three-dimensional information. 
The impetus for alternative approaches, based on transmission information, is 
the desire to measure ultrasonic parameters other than reflectivity. 

Early results indicate that the localized sonic velocity or refractive index, 
and the localized sonic attenuation may have significant correlations with disease 
processes. These parameters are not available in a conventional reflectivity 
image, although they can be grossly inferred. For example, if the region behind a 
lesion appears to be echo-free, it may be implied that the lesion exhibits unusually 
high attenuation, thus reducing echoes behind it. 

Reconstruction of velocity and attenuation requires measurement of their 
line integrals and then a mathematical inversion as described in Chapter 7. 
The line integrals can be measured by the system shown in Fig. 1 1.8, which is 
identical in concept with the x-ray system of Fig. 7.4. 

Using a scanned transmitting transducer and a synchronously scanned 
receiver transducer, a complete set of line integrals are measured at all positions 
and angles [Greenleaf and Bahn, 1981]. Two measurements are made: the time 
of flight to measure the line integral of the refractive index and the amplitude to 
measure the line integral of the attenuation coefficient. For the refractive index, 
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FIG. 11.8 Ultrasonic line-integral data acquisition systems. 



this is given by 



T = j-jn(x,y)<il 



(11.23) 

where T is the time of flight, c 0 the standard velocity in water, and n the relative 
retractive index c Q /c. For the attenuation, the line integral is defined as 



In 



y)di 



(11.24) 



similar to the x-ray case in Chapter 7. Thus the line integrals of n and « are 
derived from the measurements. 

These measurements are used to reconstruct cross-sectional images of 
n(x,y) and a(x,y). These have been shown to be diagnostically significant 
[Greenleaf and Bahn, 1981] in the diagnosis of diseases of the breast. The breast 
is essentially the only organ where this technique can be applied since it allows 
tor transmission measurements at all angles and positions without intervening 
air and bone. 

Another line-integral approach to ultrasonic imaging has been proposed 
as an alternative approach to measuring reflectivity [Norton and Linzer 1979] 
If a small transducer is excited with a pulse, it will produce an isotropic pattern 
represented by expanding circles in a plane. In the receiving mode the output 
trom the transducer, at any given time, represents the line integral of the reflec- 
tivity function along a particular circle. The circle is centered at the transducer 
and has a radius cT/2, where T is the round-trip time interval. If a ring of 
transducers is placed around the object being studied, such as a section of the 
breast each transducer will produce an array of measurements of the line inte- 
grals of concentric circles. The total array of measurements can be inverted 
[Norton and Linzer, 1979] to provide a two-dimensional reflectivity function 
In this way the reflectivity is measured without attempting to create focused 
beam patterns aimed at specific regions. 



DIRECT ACQUISITION 

OF RADIOGRAPHIC PARAMETERS 



Classic radiographic transmission measurements represent the line integral of 
the attenuation coefficient. Systems do exist, however, for directly measuring 
radiographic parameters. One example is Compton scatter imaging, as illustrated 
in Fig. 11.9 [Farmer and Collins, 1971]. 
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FIG. 11.9 Compton scatter imaging. 



A high-energy monoenergetic source is used in the vicinity of 0.5 to 1.0 
Mev. This can be derived from radioactive isotopes such as cobalt. The use of 
relatively high energies ensures a significant energy change during a Compton 
scattering event. The beam is collimated into a narrow pencil beam and projected 
through the body. Various Compton scattering events occurring along the path 
are received by the detector as illustrated in Fig. 1 1.9. 

For a scattering event to reach the detector it must scatter at a unique angle 
at each x position. As indicated in Chapter 3, the scatter angle is directly related 
to the energy of the scattered photon. Thus 9 = /(S), as given in equation (3. 1 1). 
The output of the detector is subject to pulse-height analysis, providing an output 
of intensity versus energy. This can be converted to intensity as a function of 
angle using equation (3.11). However, the x position is directly determined by 
the angle as given by 

tan = (1]25) 
i — x { 

Therefore, a nonlinear circuit can be used to convert the energy spectrum directly 
into scattering density as a function of x. The scattering density at each point 
is directly related to the electron density, which is comparable to the physical 
density p. 

Therefore, along the line of the beam, we directly acquire density as a 
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function of position. The beam can be scanned through a plane of interest to 
provide p(x, y). The system has a few inherent assumptions, such as neglecting 
multiple scattering events and the attenuation of the beam. Clinical images have 
been produced. 



STIMULATED POSITRON EMISSION 

Another recent approach to the direct acquisition of radiographic data is 
stimulated positron emission [Benjamin and Macovski, 1979]. This method is 
comparable to the positron emission system described in Chapter 8, except that 
radioactive isotopes are not involved. Instead, a high-energy monoenergetic 
sheet beam is used to stimulate the emission of positrons with the subsequent 
annihilation and emission of a pair of 510-kev photons traveling in opposite 
directions. 

Consider the system illustrated in Fig. 8.12. Assume that a sheet beam 
parallel to the detector arrays and having an energy greater than 1 .02 Mev is 
projected through the object. At this energy [Ter Pogossian, 1967; Johns and 
Cunningham, 1974] the high-energy photons can give up their energy to form an 
electron-positron pair. The positron is almost immediately annihilated to pro- 
duce equal and opposite 0.510-Mev photons, as indicated in Fig. 8.12. 

The position of the annihilation region is calculated using the position of 
the coincident events at the detector as given in equation (8.50). In the case of 
stimulated positron emission, however, the z position of the planar beam is 
known, so that the reconstruction is exact. This is in sharp distinction to the 
isotopic emission case, where the z position of the emitter is unknown and line- 
integral reconstructions are required. 

The resultant planar images represent the attenuation coefficient due to pair 
production. Since this is proportional to Z 2 [Ter Pogossian, 1967; Johns and 
Cunningham, 1974], the images emphasize higher-atomic-number materials. 
They thus can prove useful to image contrast agents or evaluate bone mineraliza- 
tion [Benjamin and Macovski, 1980]. The distinct advantage is the direct 
acquisition of three-dimensional data, as distinct from computerized tomo- 
graphy. For example, a small region of interest can be studied without making 
an array of measurements at all angles and positions. 

The system has a number of practical difficulties such as requiring energy- 
selective detectors working at relatively high photon rates. The energy selection 
is required to distinguish the abundant undesired Compton scattering photons 
from the desired 0.510-Mev coincident pairs. 
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A 

Acoustic arrays, 204-23 (see also 

Ultrasonic arrays) 
Acoustic focusing: 

using lenses, 190-91 

using arrays, 214-16 
Acoustic imaging, 4-5, 174-223, 240-41 

(see also Ultrasonic imaging) 
Acoustic impedance, 197 
Acoustic reflectivity, 197-98 
Additive noise 87-88, 200-02 
Algebraic Reconstruction Technique 

(ART), 115-17 
A-mode scan, 1 76-77 
Anger camera, 149-53 
Annihilation event, 168-70 
Annular-ring arrays, 220-23 
Arrays, ultrasound, 204-23 (see also 

Ultrasonic arrays) 
Attenuation: 

analytic expressions, 33-34 

coefficient, in x-ray, 27-34 

compensation, in ultrasound, 176 



Attenuation (cont): 

electromagnetic waves in tissue, 
3-5 

reconstruction of image, 130-31, 

240-41 
ultrasound, 195-96 
x-ray, 23-25 
Autocorrelation, 16 



B 

Back projection, 123-29, 135 
Binomial probability law, 76-77 
B-mode scan, 178-81 
Bone scan, 147-48 
Bremsstrahlung radiation, 25-27 
(see also X-ray sources, tube) 



C 

Capture efficiency, 63, 67-69, 70-72 
Cardiac notch, 5, 208 
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Central section theorem, 1 17-23 
Characteristic radiation, 26-27 
Circular line integral reconstruction, 
241 

Coded-aperture imaging, 164-66 
Coded-source tomography, 112-13 
Coherent x-ray scattering, 27-29, 33-34 
Collimated imaging array, 205-08 
Collimators, imaging, 148, 153-62 
Comparison of x-rays and ultrasound, 
5-6 

Compound scanning, 199-200 

Compton scattering, 27-34 
approximate function, 33-34 
CT reconstruction, 235-37 
imaging, 242-43 
Klein-Nishina function, 33 
physics, 28-31 

Computerized tomography: 
clinical images, 136-37 
Compton scattering component, 

235-37 
energy-selective, 235-37 
noise considerations, 138-41 
non-linearities, 130-31 
nuclear medicine, 167, 169 
photoelectric component, 235-37 
reconstruction mathematics, 
114-29, 135 

back projection, 123-29, 135 
central section theorem, 1 17-23 
convolution-back projection, 

127-29, 135 
direct methods, 1 17-29, 135 
fan beam, 135 

filtered back projection, 125-26 
Fourier transform, 1 17-23 
iterative, 1 14-17 
reconstruction of attenuation 

coefficient, 130-31 
scanning modalities, 131-35 
Conservation of energy, 28 
Conservation of momentum, 30 
Contrast, definition, 75 
Convolution, 11-13, 15 
Convolution-back projection, 127-29, 
135 

Cross correlation, 16 



D 

Delta function, 9-11, 14 
Diffraction in ultrasound, 6, 183-95 
Digital subtraction radiography, 233- 
35 

Direct reconstruction methods, 1 1 7-29, 
135 

Dose, radiation, 77-80, 145-47 
Dual-screen recorders, 67-69 



E 

Efficiency, collection, 12-13,64, 67-68 
Electronic deflection and focusing, 

208-23, (see also Ultrasonic arrays) 
Energy-selective imaging, 235-39 
CT reconstruction, 235-37 
selective projection radiography, 
237-39 

Existence conditions for Fourier 
transforms, 13-14 



F 

Fan beam CT, 133-35 
Fiber optic x-ray scintillator, 70-71 
Filtered back projection method, 
125-26 

Fluoroscopic imaging, 83-88 
direct view, 83-84 
image intensifies 84-87 
lens, 86 

television camera, 86-88 
visual accuity, 84 
Focusing, electronic in ultrasound, 
214-16 

Fourier transform reconstruction 

methods, 117-23 
Fourier transforms, 11, 13-14, 15-19 
Fraunhofer diffraction, 188-90 
Free induction decay signal, 227 
Fresnel diffraction, 185-87 
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G 

Gamma-ray cameras, 147-70 (see also 

Nuclear medicine) 
Gas chamber x-ray detector, 71 
Gradient field in NMR, 227-28 
Grating lobes, 211-13,217-18 
Grids, scatter-reducing, 96-101 



H 

Hankel transform, 16-17 
History of medical imaging, 1-2 



I 

Image intensifier, 84-87 

Impulse response, 9-1 1 

Inverse square falloff, 39 

Inverting excitation in NMR, 229-30 

Isotopes, 25, 145-47, 170 

Iterative reconstruction, 114-17 



K 

K aborption edge, 27-29 
Klein-Nishina function, 33 



L 

Larmor frequency, 226 
Lenses: 

in fluoroscopy, 86 

ultrasonic, 5, 190-91 
Line array x-ray detector, 71-72, 

101-02 

Linear arrays in ultrasound, 205-18 
Linear attenuation coefficient, 24, 
27-34 

Linearity, definition, 8-9, 15 
Linearization, 9 

Line-integral reconstruction in ultra- 
sound, 240-41 
Line-integral SNR, 88-90 



M 

Magnification, 11-13, 15 

Mass attenuation coefficient, 27-33 

Material cancellation in radiography, 

237-39 
Mean, 20-2 1 
Microwave imaging, 4 
M-mode scan, 178 
Motion blurring, 56-57 
Motion tomography, 107-12 

circular, 110-11 

linear, 109-10 

nuclear medicine, 166 

tomosynthesis, 111-12 
Multiple sensitive point method 

229 



N 

Noise (see also Signal-to-noise ratio): 
additive thermal, 76 
computerized tomography, 138-41 
digital subtraction radiography, 

233-35 
nuclear medicine, 163-64 
Poisson, 76-77 

radiography and fluoroscopy, 75- 

102 
recorders, 63 
scatter, 90-101 
speckle, 201-02 
ultrasound, 200-02 
Non-linearity in CT reconstruction, 
130-31 

Nuclear magnetic resonance, 225-32 
Nuclear medicine: 

Anger camera, 149-53 

cameras, 147-70 

coded aperture, 164-66 

general, 6-7 

noise, 163-64 

parallel-hole collimator, 157-62 
pinhole collimator, 153-57 
positron imaging, 168-70 
scanned detector, 146-47 
tomography, 166-70 
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O 

Obliquity factor, 39-40 



P 

Parallel-hole collimator, 157-62 
Phased arrays, 208-23 {see also Ultra- 
sonic arrays) 
Photoelectric absorption, 27-29, 

31-34,235-37 
Photon fluence, 78-79 
Photon statistics, 4, 21, 76-77, 80-83 
Pinhole for measuring x-ray focal 

spot, 59 / 
Pinhole collimator, 153-57 
Point source distortion, 43 
Point source geometry, 36-43 
Point-spread function, 9-1 1 
Poisson statistics, 21, 76-77, 80-83 
Positron imaging, 168-70, 243 
Probability, 20-21 
Pulsed ultrasound, 191-95, 216-18 



Q 

Quantam noise, 21, 76-77, 80-83 



R 

Rad, unit of absorbed dose, 78-80 
Radiation dose, 5, 77-80, 145-47 
Radioactive isotopes, 25, 145-47, 
170 

Radiographic imaging, 36-102 {see 

also X-ray imaging) 
Range gating, 5 

Rayleigh scattering, 27-29, 33-34 

Real-time imaging, 204 

Reconstruction mathematics, 1 14-29, 
135 {see also Computerized tomog- 
raphy) 

Recorder 63-73 {see also X-ray re- 
corder) 

Refractive index reconstruction, 
240-41 

Roentgen, unit of exposure, 78-80 



Roentgen, William K., 2 
Rotating anode x-ray tube, 36-37, 
53-54 



S 

Sampling, 18-20 

Scanned nuclear medicine detectors, 
146-47 

Scanning beam x-ray system, 71 
Scanning modalities in CT, 131-35 

{see also Computerized tomography) 
Scatter, 23, 27-34, 90-102 

analysis, 91-94 

buildup factor, 92-94 

contrast loss, 90 

grids, 96-101 

linear array, 101-102 

noise source, 90-94 

separation, 94-96 

translated slits, 101 
Screen-film systems, 64-70, 80-83 
Sector scanning, 212-14 
Selective projection radiography, 

237-39 
Separability, 16-17 
Separation for scatter reduction, 

94-96 
Shift relationship, 15 
Signal-to-noise ratio (SNR): 

additive noise, 76, 87-88 

computerized tomography, 138-41 

digital subtraction radiography, 
234 

fluoroscopy, 83-88 

general, 5 

line integral, 88-90 

nuclear medicine, 163-64 

Poisson noise, 76-77 

radiography, 75-83 

scatter, 90-101 

speckle, 201-02 

thermal noise, 76 

ultrasound, 200-02 
Source spectrum, x-ray, 25-27 
Sources x-ray, 36-37, 44-59 {see also 

X-ray sources) 
Space in variance, 11-13 
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Spatial frequency, 13 

Speckle, 201-02 

Specular reflections, 199-200 

Spin echo, 230-31 

Spin warp, 231 

Standard deviation, 21 

Stimulated positron emission, 243 

Subtraction radiography, 233-35 

Superposition integral, 9-1 1 



T 

Television camera, 86-88 
Temporal subtraction, 23 4 3-35 
Theta array, 222-23 
Thick target x-ray tube, 25-26 
Thin target x-ray tube, 25-26 
Thyroid studies, 145-47 
Time of flight, 5, 168-69 
Tomography, 107-41, 164-70 

coded aperture, 164-66 

coded source, 112-13 

computerized tomography, 113-41 
(see also Computerized tomog- 
raphy) 

motion, 107-12 

nuclear medicine, 166-70 

tomosynthesis, 1 11-12 
Tomosynthesis, 111-12 
Toxicity, 5 
Translating slits, 101 
Transmission of electromagnetic 

energy, 3-4 
Two-dimensional arrays, 218-23 

(see also Ultrasonic arrays) 



U 

Ultrasonic arrays, 204-23 
annular ring, 221-22 
collimated, 205-08 
concentric ring, 220-21 
linear array, 208-18 
two-dimensional, 218-23 
wideband analysis, 216-18 

Ultrasonic imaging, 4-5, 174-223 
acoustic focusing, 190-91 



Ultrasonic imaging (con f. ) : 
A-mode, 176-77 

arrays, 204-23 (see also Ultrasonic 
arrays) 

attenuation correction, 176 
B-mode, 178-81 
compound scan, 1 99-200 
diffraction, 183-95 

Fraunhofer, 188-90 

Fresnel, 185-87 

steady state, 183-85 

wideband, 191-95 
line-integral reconstruction, 240-41 
M-mode, 178 
noise, 200-02 
speckle, 201-02 
tissue properties, 195-98 



V 

Variance, 20-21 

Velocity of propogation, 4-6, 196-97 
Visual accuity, 84 



W 

Wideband diffraction, 191-95, 216-18 



X 

X-ray imaging, 36-102 
contrast, 75 

noise, 75-102 (see also Noise) 
planar object, 47-49 
recorder, 63-73 (see also X-ray 

recorder) 
solid object, 49-53 
source, 36-37, 44-56 (see also X-ray 

sources) 
system, 72 
X-ray recorder, 63-73, 80-83 
alternate approaches, 70-72 
fiber optic scintillator, 70-71 
gas chambers, 7 1 
line array, 71-72 
scanning beam, 71 
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X-ray recorder (cont.): 

screen-film, 64-70 

statistical considerations, 80-83 
X-ray sources, 25-27, 36-59 

extended, 44-56 

field emission, 58-59 

focal spot measurement, 59 

microfocus, 58 

planar, 44-56 

point source, 36-37 

power dissipation, 57 



X-ray sources (cont): 
rotating anode, 36-37 
spectrum, 3, 25-27 
tilted, 53-56 
tube, 36-37 



Zeugmatography, 227-29 
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